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Abstract 

We classify Lorentzian para-Sasakian manifolds admitting locally and 

globally ϕ -pseudo-quasi-conformal structure. Among others it is proved 

that a globally ϕ -pseudo-quasi-conformally symmetric LP-Sasakian 

manifold is globally ϕ -symmetric. Some results for a 3-dimensional 
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locally ϕ -pseudo-quasi-conformally symmetric LP-Sasakian manifold are 

also given. The existence of a 3-dimensional locally ϕ -pseudo-quasi-

conformally symmetric LP-Sasakian manifold is also ensured by an 

example. 

1. Introduction 

In 1989, Matsumoto [4] introduced the notion of LP-Sasakian manifolds. Then 

Mihai and Rosca [5] familiarized the same notion independently and obtained several 

results. LP-Sasakian manifolds are also studied by De et al. [7], Shaikh and Biswas 

[8] and so many authors. 

In [3], Yano and Sawaki introduced the notion of quasi-conformal curvature 

tensor on an ( )3≥nn -dimensional Riemannian manifold. Recently, the authors of 

[2] defined the notion of pseudo-quasi-conformal curvature tensor C
~

 on a 

Riemannian manifold of dimension ( )3≥nn  which includes the projective, quasi-

conformal, Weyl conformal and concircular curvature as special cases. This tensor is 

defined by 

( ) ( ) ( ) [ ( ) ( ) ]YZXSXZYS
n

d
qZYXRdpZYXC ,,

1
,,,,

~
−








−
−++=  

{ ( ) ( ) }QYZXgQXZYgq ,, −+  

( )
{ ( ) }[ ( ) ( ) ],,,12

1
YZXgXZYgqnp

nn

r
−−+

−
−  (1.1) 

where ( ),,,, MQgSR χ∈  and dqp ,,  are real constants such that 

.0222 >++ dqp  In particular, if 

(i) ;1,0 === dqp  

(ii) ;0,0,0 =≠≠ dqp  

(iii) ;0,
2

1
,1 =

−
−== d

n
qp  

(iv) ;0,1 === dqp  

then C
~

 reduces to the projective curvature tensor, quasi-conformal curvature tensor, 



SOME GLOBAL PROPERTIES ON LP-SASAKIAN MANIFOLDS 

 

71 

conformal curvature tensor and concircular curvature tensor, respectively. 

In view of (1.1), we obtain 

( )( ) ( )( )( )ZYXRdpZYXC WW ,,,,
~

∇+=∇  

[( )( ) ( )( ) ]YZXSXZYS
n

d
q WW ,,

1
∇−∇








−
−+  

{ ( )( ( ) ( )( )( )}YQZXgXQZYgq WW ∇−∇+ ,,  

( )
( )

( ){ } ( ) ( )[ ].,,12
1

YZXgXZYgqnp
nn

Wdr
−−+

−
−  (1.2) 

In [1], authors introduced the notion of ϕ -quasi-conformal symmetric structure on a 

contact metric manifold. Recently, the author of [10] defined the notion of ϕ - 

pseudo-quasi-conformal structure on a paracontact metric manifold. With reference 

to above study, we introduced such notion on Lorentzian para-Sasakian manifold, as 

follows: 

Definition 1.1. A Lorentzian para-Sasakian manifold is said to be locally ϕ -

pseudo-quasi-conformally symmetric if the pseudo-quasi-conformal curvature tensor 

C
~

 satisfies the condition 

 (( )( ) ) ,0,
~2 =∇ϕ WZYCX  (1.3) 

for all ( )MWZYX χ∈,,,  which are orthogonal to .ζ  

Definition 1.2. A Lorentzian para-Sasakian manifold is said to be globally ϕ -

pseudo-quasi-conformally symmetric if the pseudo-quasi-conformal curvature tensor 

C
~

 satisfies the condition 

 (( )( ) ) ( ).,,,,0,
~2 MWZYXWZYCX χ∈∀=∇ϕ  (1.4) 

It is shown that if LP-Sasakian manifold is globally ϕ -pseudo-quasi-conformally 

symmetric, then the manifold is an Einstein provided { ( ) } .02 ≠−+ qnp  Also 

shown that an Einstein LP-Sasakian manifold admitting a globally ϕ -pseudo-quasi-

conformally symmetric structure is globally ϕ -symmetric. We study 3-dimensional 

locally ϕ -pseudo-quasi-conformally symmetric LP-Sasakian manfolds and prove 

that it is locally ϕ -pseudo-quasi-conformally symmetric if and only if the scalar 
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curvature r is constant provided ( ) ,0324 ≠−− dpq  that ensured by an interesting 

example. 

2. Preliminaries 

A differential manifold of dimension n is called Lorentzian para-Sasakian 

(briefly, LP-Sasakian) [4], if it admits a (1, 1)-tensor field ,ϕ  a contravariant vector 

field ,ζ  a 1-form η  and a Lorentzian metric g which satisfy 

( ) ,1−=ζη  (2.1) 

( ) ( ) ,2 ζη+=ϕ XXX  (2.2) 

( ) ( ) ( ) ( ),,,, YXYXgYXg ηη+=ϕϕ  (2.3) 

( ) ( ),, XXg η=ζ  (2.4) 

,XX ϕ=ζ∇  (2.5) 

( )( ) ( ) ( ) ( ) ( ) ,2, ζηη+η+ζ=ϕ∇ YXXYYXgYX  (2.6) 

where ∇  denotes the covariant differentiation with respect to the Lorentzian metric 

g. 

It can be easily seen that in an LP-Sasakian manifold the following relations 

hold: 

( ) ,0,0 =ϕη=ϕζ X  (2.7) 

.1rank −=ϕ n  (2.8) 

If we put 

 ( ) ( ),,, YXgYX ϕ=Φ  (2.9) 

for any vector fields X and Y, then the tensor field ( )YX ,Φ  is a symmetric ( )2,0  

tensor field [4]. Also the 1-form η  is closed in an LP-Sasakian manifold, we have [4] 

( )( ) ( ) ( ) 0,,, =ζΦΦ=η∇ XYXYX  (2.10) 

for all ., TMYX ∈  
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Also in an LP-Sasakian manifold, the following relations hold [4]: 

( )( ) ( )( ) ( ) ( ) ( ) ( ),,,,,, YZXgXZYgZYXRZYXRg η−η=η=ζ  (2.11) 

( ) ( ) ( ) ,,, XYYXgYXR η−ζ=ζ  (2.12) 

( ) ( ) ( ) ,, YXXYYXR η−η=ζ  (2.13) 

( ) ( ) ,, ζη+=ζζ XXXR  (2.14) 

( ) ( ) ( ),1, XnXS η−=ζ  (2.15) 

( ) ( ) ( ) ( ) ( ),1,, YXnYXSYXS ηη−+=ϕϕ  (2.16) 

for any vector fields ,,, ZYX  where R and S are the Riemannian curvature and the 

Ricci tensor of M, respectively. 

An LP-Sasakian manifold M is said to be η -Einstein if its Ricci tensor S of the 

type ( )2,0  is of the form 

( ) ( ) ( ) ( ),,, YXYXgYXS ηβη+α=  

for any vector fields ,, YX  where βα,  are smooth function on M. 

Example 1. Let 5
R  be the 5-dimensional real number space with a coordinate 

system ( ).,,,, stzyx  Define 

( ) ( ) ( ) ( ) ,,,
2222

dtdzdydxg
s

tdzydxds −−−−η⊗η=
∂

∂
=ζ−−=η  

,,
yys

y
x

y
xx ∂

∂
−=








∂

∂
ϕ

∂

∂
−

∂

∂
−

∂

∂
−=








∂

∂
ϕ  

.0,, =







∂

∂
ϕ

∂

∂
−=








∂

∂
ϕ

∂

∂
−

∂

∂
−=








∂

∂
ϕ

stts
t

zz
 

The structure ( )g,,, ζηϕ  becomes an LP-Sasakian structure in 5
R  [9]. 

3. Globally ϕ -pseudo-Quasi-Conformally Symmetric LP-Sasakian Manifolds 

Let M be a globally ϕ -pseudo-quasi-conformally symmetric LP-Sasakian 

manifold. Then equation (1.4) holds on M and from (2.2), we have 
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 ( )( ) (( )( ) ) .0,
~

,
~

=ζ∇η+∇ ZYXCZYXC WW  (3.1) 

In view of (1.2) and (3.1), we get 

( )( )( ) [( )( ) ( )( ) ]YZXSXZYS
n

d
qZYXRdp WWW ,,

1
,0 ∇−∇








−
−+∇+=  

[ ( )( ) ( )( ) ]YQYXgXQZYgq WW ∇−∇+ ,,  

( )
( )

( ){ } ( ) ( )[ ]YZXgXZYgqnp
nn

Wdr
,,12

1
−−+

−
−  

( ) (( )( ) )ζ∇η++ ZYXRdp W ,  

[( )( ) ( )( ) ]ζ∇−∇







−
−+ YZXSXZYS

n

d
q WW ,,

1
 

[ ( )( ) ( )( ) ]ζ∇−∇+ YQZXgXQZYgq WW ,,  

( )
( )

( ){ } ( ) ( )[ ] .,,12
1

ζ−−+
−

− YZXgXZYgqnp
nn

Wdr
 

Taking inner product with V, we have 

( )( )( ) [( )( ) ( )VXgZYS
n

d
qVZYXRdp WW ,,

1
,,,0 ∇








−
−+∇+=  

( )( ) ( )]VYgZXSW ,,∇−  

[ ( ) (( ) ( ) (( ) )]VYQgZXgVXQgZYgq WW ,,,, ∇−∇+  

( )
( )

( ){ } ( ) ( ) ( ) ( )[ ]VYgZXgVXgZYgqnp
nn

Wdr
,,,,12

1
−−+

−
−  

( ) (( )( ) ) ( )VZYXRdp W η∇η++ ,  

[( )( ) ( )( ) ] ( )VYZXSXZYS
n

d
q WW η∇−∇








−
−+ ,,

1
 

[ ( )( ) ( )( ) ] ( )VYQZXgXQZYgq WW η∇−∇+ ,,  

( )
( )

( ){ } ( ) ( )[ ] ( ).,,12
1

VYZXgXZYgqnp
nn

Wdr
η−−+

−
−  

Putting ,ieVX ==  where { } ...,,3,2,1, =iei  is an orthonormal basis of the 
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tangent space at each point of the manifold and taking summation over i, the above 

equation reduces to 

( ) ( )( )ZYS
n

d
nqp W ,

1
20 ∇








−
+−+=  

(( ) ) ( ) ( ) )

( )
( ){ }

( )
( )

( ){ }
( )ZYg

qnp
nn

Wdr
qnp

n

Wdr

eeQqgeeQq iiWiiW

,
12

1
12

,

















−+
−

+−+−

∇+η∇η

+  

( ) (( )( ) ) ( ) [( )( ) ( )]YZS
n

d
qeZYeRdp WiiW ηζ∇








−
−−η∇η++ ,

1
,  

(( )( ) ( )
( )

( )
( ){ } ( ) ( ) (( ) ).,12

1
ZYQqgZYqnp

nn

Wdr
ZYQq WW ∇−ηη−+

−
+η∇η−  

Substituting ,ζ=Z  in above equation and using (2.1) and (2.4), we get 

( ) ( )( )ζ∇








−
+−+= ,

1
20 YS

n

d
qnp W  

(( ) ) ( ) ( ) )

( )
( ){ }

( )
( )

( ){ }
( )Y

qnp
nn

Wdr
qnp

n

Wdr

eeQqgeeQq iiWiiW

η

















−+
−

+−+−

∇+η∇η

+
12

1
12

,

 

( ) (( )( ) ) ( ) [( )( ) ( )]YS
n

d
qeYeRdp WiiW ηζζ∇








−
−−ηζ∇η++ ,

1
,  

( )
( )

( ){ } ( ).12
1

Yqnp
nn

Wdr
η−+

−
−  

Also, we have 

(( ) ) ( )( ) ( ).,, WdreeSeeQg iiWiiW =∇=∇  

Hence, using the above relation, we have 

( ) ( )( )

(( ) ) ( ) ( )

( )
( ){ }

( )Y
qnp

n

Wdr

WqdreeQq

YS
n

d
qnp

iiW

W η

















−+−

+η∇η

+ζ∇








−
+−+=

12
,

1
20  

( ) (( )( ) ) ( ) [( )( ) ( )].,
1

, YS
n

d
qeYeRdp WiiW ηζζ∇








−
−−ηζ∇η++  (3.2) 
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Using (2.1), (2.5) and (2.15) in equation (3.2), we get 

 (( )( ) (( ) ) .0, =ζζ∇=∇η QgeQ WiW  (3.3) 

Now, equation 

(( )( ) ) ( ( ) ) ( ( ) )ζζ∇−ζζ∇=ζζ∇ ,,,,,, YeRgYeRgYeRg iWiWiW  

( ( ) ) ( ( ) ),,,,, ζζ∇−ζζ∇− WiWi YeRgYeRg  

leads to 

(( )( ) ) ( ( ) ) ( ( ) )ζζ∇−ζζ∇=ζζ∇ ,,,,,, YeRgYeRgYeRg iWiWiW  

( ( ) ).,, ζζ∇− Wi YeRg  (3.4) 

Since from (2.13), we have 

( ( ) ) ( ( ) ( ) ) 0,,, =ζ∇η−∇η=ζζ∇ YeeYgYeRg iWiWiW  

and 

( ( ) ) ( ( ) ( ) ) .0,,, =ζ∇η−∇η=ζζ∇ ReeYgYeRg WiiWWi  

Therefore, equation (3.4) reduces to 

 (( )( ) ) ( ( ) ) ( ( ) ).,,,,,, ζζ∇−ζζ∇=ζζ∇ WiiWiW YeRgYeRgYeRg  (3.5) 

In view of definition of the Levi-Civita connection of g, we have 

( )( ( ) ) ,0,, =ζζ∇ YeRg iW  

and then, using (2.13), we get 

( ( ) ) ( ( ) ) .0,,,, =ζζ∇−ζζ∇ WiiW YeRgYeRg  

From (3.5), it follows that 

 (( )( ) ) (( )( ) ) .0,,, =ζ∇η=ζζ∇ YeRYeRg iWiW  (3.6) 

In view of (3.3) and (3.6), we obtain from (3.2) 

 ( ) ( )( ) ( ){ } ( ) ( ).12
1

,
1

2 YWdrqqnp
n

YS
n

d
qnp W η





 −−+=ζ∇









−
+−+ (3.7) 

From (3.7) it is clear that for ,ζ=Y  we obtain ( ) ,0=Wdr  provided 

( ){ } ,02 ≠−+ qnp  which implies r is constant. Thus, we have the following: 
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Theorem 3.1. If a Lorentzian para-Sasakian manifold is globally ϕ -pseudo-

quasi-conformal structure then the scalar curvature of the manifold is constant 

provided ( ){ } .02 ≠−+ qnp  

Also from (3.7) it follows 

 ( )( ) ( ) .0
1

2,0, ≠








−
+−+=ζ∇

n

d
qnpYSW  (3.8) 

Using (2.10) and (2.15), equation (3.8) reduces to 

 ( ) ( ) ( ).,1, YWgnWYS ϕ−=ϕ  (3.9) 

Replacing Y by ,ϕY  and using (2.1) and (2.16) we have, 

 ( ) ( ) ( ).1,,, −=λλ= nWYgWYS  (3.10) 

Thus, we have the following: 

Theorem 3.2. If a Lorentzian para-Sasakian manifold is globally ϕ -pseudo-

quasi-cnonformally symmetric then the manifold is an Einstein manifold provided 

( ) .0
1

2 ≠








−
+−+

n

d
qnp  

Also, if 0, ≠qp  and ,0=d  then pseudo-quasi-conformal curvature reduces to 

quasi-conformal curvature tensor, therefore from Theorem 3.2, we can state as 

follows. 

Corollary 3.3. A globally ϕ -quasi-conformal Lorentzian para-Sasakian 

manifold is an Einstein manifold. 

Moreover, if 
2

1
,1

−
−==

n
qp  and ,0=d  then pseudo-quasi-conformal 

curvature tensor reduces to conformal curvature tensor, we can state as follows: 

Corollary 3.4. A globally ϕ -conformal Lorentzian para-Sasakian manifold can 

not be an Einstein manifold. 

We suppose the LP-Sasakian manifold to be Einstein one. Then 

( ) ( ),,, YXgYXS λ=  

where λ  is constant and ( )., MYX χ∈  Then, .XQX λ=  Then from (1.1), we have 
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( ) ( ) ( )
( )

{ ( ) }




 −+

−
−λ+








−
−λ++= qnp

nn

r
q

n

d
qZYXRdpZYXC 12

11
,,

~
 

( ) ( ){ },,, YZXgXZYg −×  

or 

( )( ) ( )( )( )ZYXRdpZYXC WW ,,,,
~

∇+=∇  

( )
( ){ }





 −+

−
− qnp

nn
12

1

1
( ) ( )[ ] ( ).,, WdrYZXgXZYg −  

Applying 2ϕ  to both sides of above equation, we have 

{( )( ) ( ) {( )( )ZYXRdpZYXC WW ,,,,
~ 22 ∇ϕ+=∇ϕ  

( )
( ){ } [ ( ) ( ) ] ( ).,,12

1

1 22 WdrYZXgXZYgqnp
nn

ϕ−ϕ




 −+

−
−  

Since the manifold is Einstein one, therefore, the scalar curvature r is constant and 

hence, from above we can state as follows: 

Theorem 3.4. An Einstein globally ϕ -pseudo-quasi-conformally symmetric LP-

Sasakian manifold is globally ϕ  -symmetric. 

4. 3-Dimensional Locally ϕ -pseudo-Quasi-Conformally Symmetric 

LP-Sasakian Manifolds 

For a 3-dimensional LP-Sasakian manifold, we have 

( ) ( ) ( ) ( ) ( )YZXSXZYSQYZXgQXZYgZYXR ,,,,, −+−=  

( ) ( ){ }.,,
2

XZYgYZXg
r

−+  (4.1) 

Replacing Z by ζ  in (4.1) and using (2.13) and (2.15), we get 

 ( ) ( )( ) ( ) ( ) .1
2

QYXQXYYXXY
r

η−η=η−η






 −  (4.2) 

Putting ζ=Y  in (4.2), we get 
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 ( ) ( ) ( ) ( ).3
2

,1
2

, YX
r

YXg
r

YXS ηη






 −+







 −=  (4.3) 

In view of (4.1) and (4.3), we obtain 

( ) ( ) ( )[ ]YZXgXZYg
r

ZYXR ,,2
2

, −






 −=  

( )( ) ( )( ) ( ) ( ) ( ) ( ){ }.,,3
2

YZXXZYYZXgXZYg
r

ηη−ηη+ζ−ζ






 −+  (4.4) 

With reference to (1.1), (4.3) and (4.4), we have 

( ) ( ) ( ) ( )[ ]XZYgYZXgdpq
r

ZYXC ,,324
6

,
~

−






 −−=  

( ) ( ) ( ) ( ) ( )[ ]ζη−ζη++






 −+ YZXgXZYgdqp

r
,,3

2
 

( ) ( ) ( ) ( )[ ].3
23

YZXXZY
rd

q ηη−ηη





 −





 −+  (4.5) 

Covariently differentiating both sides of (4.5) with respect to W, we have 

( )( )
( )

( ) ( ) ( )[ ]XZYgYZXgdpq
Wdr

ZYXCW ,,324
6

,
~

−−−=∇  

( )
( ) ( ) ( ) ( ) ( )[ ]ζη−ζη+++ YZXgXZYgdqp

Wdr
,,

2
 

( )
( ) ( ) ( ) ( )[ ]YZXXZY

d
q

Wdr
ηη−ηη






 −+

22
 

( )( ) ( ) ( )( )( )

( )( ) ( ) ( )( )( ) 













η∇η−ηη∇−

η∇η+ηη∇







 −





 −+

YZXYZX

XZYXZY
rd

q

WW

WW

3
22

 

( )
( )( )( ) ( ) ( )( )

( )( )( ) ( ) ( )( )
.

,,

,,

3
2 














ζ∇η−ζη∇−

ζ∇η+ζη∇

++






 −+

WW

WW

YZXgYZXg

XZYgXZYg

dqp
r

 

Assuming YX ,  and Z orthogonal to ,ζ  above equation reduces to 

( )( ) )
( )

( ) ( ) ( )[ ]XZYgYZXgdpq
Wdr

ZYXCW ,,324
6

,
~

−−−=∇  
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( )
( )( )( ) ( ) ( )( )

( )( )( ) ( ) ( )( )
.

,,

,,

3
2 














ζ∇η−ζη∇−

ζ∇η+ζη∇

++






 −+

WW

WW

YZXgYZXg

XZYgXZYg

dqp
r

 (4.6) 

Taking 2ϕ  on both side of (4.6), 

 (( )( ) )
( )

( )[ ( ) ( ) ].,,324
6

,
~ 222 XZYgYZXgdpq

Wdr
ZYXCW ϕ−ϕ−−=∇ϕ (4.7) 

If possible, let us assume (( )( ) ) ,0,
~2 =∇ϕ ZYXCW  then ( ) 0=Wdr  provided 

( ) .0324 ≠−− dpq  Hence, ( ) 0=Wdr  implies r is constant. 

For the converse part, if the scalar curvature r is constant, then from (4.7) we can 

say that the LP-Sasakian manifold is locally ϕ -pseudo-quasi-conformally symmetric. 

Thus, we have the following: 

Theorem 4.1. A 3-dimensional Lorentzian para-Sasakian manifold is locally 

ϕ -pseudo-quasi-conformally symmetric if and only if the scalar curvature r is 

constant provided ( ) .0324 ≠−− dpq  

5. Example of a ϕ -pseudo-Quasi-Conformally Symmetric 

LP-Sasakian Structure 

We consider a 3-dimensional Riemannian manifold {( )zyxM ,,=  

},0:3 >∈ zR  where zyx ,,  are the standard coordinates in .3
R  Let { }321 ,, eee  

be a linearly independent global frame on M given by 

 ,,, 321 z
e

y
ee

x
ee axzz

∂

∂
−=

∂

∂
=

∂

∂
= −  (5.1) 

where a is a non-zero constant such that a .1≠a  Let g be the Lorentzian metric 

defined by 

( ) ( ) ( ) ,0,,, 213231 === eegeegeeg  

( ) ( ) ( ) .1,,1,, 332211 −=== eegeegeeg  (5.2) 

Let η  be the 1-form defined by ( ) ( )3, eVgV =η  for any .TMV ∈  Let ϕ  be the (1, 

1) tensor field defined by 2211 , eeee −=ϕ−=ϕ  and .03 =ϕe  Then, using the 
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linearity of ϕ  and g, we have ( ) ( ) ,,1 3
2

3 eVVVe η+=ϕ−=ϕ  and ( ) =ϕϕ VUg ,  

( ) ( ) ( )VUVUg ηη+,  for any ., TMVU ∈  Thus for ( )ge ,,,,3 ηζϕζ=  defines a 

Lorentzian paracontact structure on M. 

Let r be the Levi-Civita connection with respect to the Lorentzian metric g. Then 

we have 

 [ ] [ ] [ ] .,,,,, 232131221 eeeeeeeaeee z −=−=−=  (5.3) 

Using Koszul’s formulae [9] for the Lorentzian metric g, we can easily calculate 

,,0, 13231 111
eeeee eee −=∇=∇−=∇  

,,, 2331221 222
eeeeaeeeaee e

z
e

z
e −=∇−−=∇=∇  

.0,0,0 321 333
=∇=∇=∇ eee eee  

Also, the Riemannian curvature tensor R is given by 

( ) [ ] ., , ZZZZYXR YXXYYX ∇−∇∇−∇∇=  

Then 

( ) ( ) ( ) ,,,,,, 211213311221 eeeeReeeeReeeeR =−==  

( ) ( ) ( ) ,,,,,, 322331132332 eeeeReeeeReeeeR ==−=  

( ) ( ) ( ) .0,,0,,0, 213232321 === eeeReeeReeeR  

Then, the Ricci tensor S is given by 

( ) ( ) ( ) ,2,,2,,2, 332211 −=== eeSeeSeeS  

( ) ( ) ( ) .0,,0,,0, 323121 === eeSeeSeeS  

Thus, the scalar curvature ( ) ( ) ( ) 2,,, 332211 =++= eeSeeSeeSr  is constant. 

Thus conditions (2.5) and (2.6) for any vector fields X and Y in M holds. It can be 

shown that all the properties of an LP-Sasakian manifold hold for any vector fields 

YX ,  in M. Since the given 3-dimensional LP-Sasakian manifold is of constant 

scalar curvature ,2=r  therefore, by virtue of Theorem 4.1, it implies that it is 

locally -ϕ pseudo-quasi-conformally symmetric in nature. 
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