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Abstract 

In this paper, we defined ( )-, βγ∗ generalized-pre-regular-continuity and 

( )-, ∗∗ βγ generalized-pre-regular-continuity and obtained several 

characterizations and some properties of these mappings. 
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1. Introduction 

The concepts of pre-open sets and semi-pre-open sets were introduced, 

respectively, by Mashhour et al. [9] and Andrijevic [2]. Kasahara [6] defined the 

concept of operations α  on topological spaces. Ogata [10] called the operations α  

(respectively, -α closed set) as -γ operations (respectively, -γ closed set) and 

introduced the notion of γτ  which is the collection of -γ open sets in topological 

spaces. Ahmad et al. [1] introduced the concept of -∗γ regular spaces and explored 

their many interesting properties. Further, they initiated and discussed the concept of 

-∗γ semi-open sets which generalizes -γ open sets introduced by Ogata [10]. Sai 

Sundara Krishnan and Balachandran [13] introduced the concept of -γ pre-open sets 

and studied the separation axioms using -γ pre-open sets. Further, they generated a 

topology pγτ  using -γ pre-open sets. Sai Sundara Krishnan et al. [14] introduced the 

concept of -∗γ pre-open sets and -∗γ semi-pre-open sets in topological spaces and 

investigated some basic properties. Further, they introduced -∗γ pre-

( )2,1,
2

1
,0=iTi  spaces and studied the relationship between them. Saravanakumar 

et al. [15, 16] introduced the concepts of ( )-, βγ∗ pre-continuous and ( )-, ∗∗ βγ pre-

continuous mappings on topological spaces. Also we introduced the concept of 

-∗γ generalized-pre-open (closed) sets and defined the relationship between 

( )-, βγ∗ generalized-pre-continuous and ( )-, ∗∗ βγ generalized-pre-continuous 

mappings and investigated some of their basic properties. In this paper, we discussed 

the notions of ( )-,g βγ∗
pr.continuous and ( )-, gg

∗∗ βγ pr.continuous on topological 

spaces and investigated some of their basic properties. 

2. Preliminaries 

Throughout this paper, we represent the topological spaces ( ) ,, τX  ( )σ,Y  and 

( )η,Z  as YX ,  and Z, respectively, unless otherwise no separation axiom 

mentioned. An operation γ  [6] on the topology τ  is a mapping from τ  into the 

power set ( )XP  of X such that 
γ⊆ VV  for each ,τ∈V  where γV  denotes the 
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value of γ  at V. It is denoted by P→γ τ:  ( ).X  A subset A of X is γ -open [10], if 

for each ,Ax ∈  there exists an open neighborhood U such that Ux ∈  and .AU ⊆γ
 

Its complement is called γ -closed and γτ  denotes set of all -γ open sets in X. For a 

subset A of X, -γ interior [10] of A is ( ) { τ∈∈∈=γ NxAxA :int  and AN ⊆γ
 

for some }N  and -γ closure [10] of A is ( ) { τ∈∈∈=γ UxXxAcl ;  and ∩
γ

U  

0/≠A  for all }.U  An operation γ  on τ  is regular [10], if for any open 

neighborhoods VU ,  of each ,Xx ∈  there exists an open neighborhood W of x such 

that ;
γγγ ⊇ WVU ∩  open [10], if for every neighborhood U of each ,Xx ∈  there 

exists a -γ open set B such that Bx ∈  and .BU ⊇γ
 A space X is -γ regular [10], if 

for each Xx ∈  and for each open neighborhood V of x, there exists an open 

neighborhood U of x such that .VU ⊆γ
 A subset A of X is called -∗γ dense (resp., 

-∗γ nowhere dense, -∗γ  regular-open, -∗γ pre-open, -∗γ semi-pre-open (briefly -∗γ  

sp.open)) [14], if ( ) XAcl =γ  ( ( ( )) ( ( )),int,0int.,resp AclAAcl γγγγ =/=  ⊆A  

( ( )) ,int Aclγγ  ( ( ))).int AclA γγ⊆  The set of all -∗γ pre-open (resp., -∗γ regular-

open, -∗γ sp.open)) sets is denoted by ( )XPO ∗γ
 (resp., ( ) ( )XSPOXRO ∗∗ γγ

,  A is 

-∗γ pre-closed (resp., -∗γ regular-closed, -∗γ semipre-closed (briefly -∗γ  

sp.closed)) [14] in X if and only if AX −  is -∗γ pre-open (resp., -∗γ  regular-open, 

-∗γ sp.open)) in X. A is -∗γ pre-clopen [14], if A is both -∗γ  pre-open and -∗γ pre-

closed in X. For a subset A of X, -∗γ pre-interior [14] of A is 

( ) { ( )XPOUUAntpi ∗∗ γγ
∈= :∪  and }AU ⊆  and -∗γ pre-closure [14] of A is 

( ) { ( )XPOFXFApcl ∗∗ γγ
∈−= :∩  and }.FA ⊆  For a subset A of X, -∗γ  

sp.interior [14] of A is ( ) { ( )XSPOUUAntspi ∗∗ γγ
∈= :∪  and }AU ⊆  and 

-∗γ sp.closure [14] of A is ( ) { SPFXFAspcl ∈−=∗γ
:∩  ( )XO ∗γ

 and }.FA ⊆  

Throughout this paper, let YX ,  and Z be three topological spaces and 

operations ( ) ( )YPXP →σβ→γ :,: τ  and ( )ZP→ηρ :  on topologies σ,τ  
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and ,η  respectively. Here ( ) ( )YPOXPO ∗∗ βγ
,  and ( )ZPO ∗ρ

 denote the family of 

-∗γ pre-open sets, -∗β pre-open sets and -∗ρ pre-open sets, respectively. 

Definition 2.1. A subset A of a topological space X is said to be 

(i) -γ generalized closed (briefly -γ g.closed) if ( ) UAcl ⊆γ  whenever UA ⊆  

and U is -γ open; 

(ii) -∗γ regular-generalized closed (briefly -∗γ rg.closed) if ( ) UAcl ⊆γ  

whenever UA ⊆  and U is -∗γ regular-open; 

(iii) -∗γ pre-generalized closed (briefly -∗γ pg.closed) if ( ) UApcl ⊆∗γ
 

whenever UA ⊆  and U is -∗γ pre-open; 

(iv) -∗γ generalized-pre-closed (briefly -∗γ gp.closed) if ( ) UApcl ⊆∗γ
 

whenever UA ⊆  and U is -γ open; 

(v) -∗γ semi-pre-generalized closed (briefly -∗γ spg.closed) if ( )Aspcl ∗γ
U⊆  

whenever UA ⊆  and U is -∗γ sp.open; 

(vi) -∗γ generalized-semi-pre-closed (briefly -
∗γ g sp.closed) if ( )Aspcl ∗γ

 U⊆  

whenever UA ⊆  and U is -γ open; 

(vii) -∗γ generalized-pre-regular-closed (briefly -
∗γ g pr.closed) if ( ) ⊆∗γ

Apcl  

U  whenever UA ⊆  and U is -∗γ regular-open. 

We denote the set of all -γ g.closed (resp., -∗γ regular-closed, -∗γ pre-closed, 

-∗γ sp.closed) -∗γ rg.closed, -∗γ pg.closed, -∗γ gp.closed, -∗γ spg.closed, -
∗γ g  

sp.closed and -
∗γ g pr.closed) sets by ( )( ( ),.,resp XRCXGC ∗γγ  ( ),XPC ∗γ

 

( ),XSPC ∗γ
 ( ) ,XRGC ∗γ

 ( ) ,XPGC ∗γ
 ( ) ,XGPC ∗γ

 ( ) ,XSPGC ∗γ
 ∗γg

SPC ( )X  

and ( )).XPRC
g
∗γ
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Example 2.1. Let { } { } { } { } { }{ }dcadadaXdcbaX ,,,,,,,,0,,,, /== τ  and 

define operation ( )XP→γ τ:  by 

( )

{ } { }

{ } { } { }

{ } { } { }








≠

∈=

=

=γ

.,,,if

everyfor,,if

,if

dadaA

AdadAcA

aAbA

A

Α

τ,∪

∪

 

Then ( ) { } { }{ };,,,,,,,0 dcbcbaXXRC /=∗γ
 

( ) { } { } { } { } { } { } { }{ };,,,,,,,,,,,,,,,,,0 dcbdbacbadbcbbabXXGC /=γ  

( ) { { } { } { } { } { } { } { } { } { },,,,,,,,,,,,,,,,,,,0 cbadcdbcbdacabacbXXRGC /=∗γ
 

{ } { } { }};,,,,,,,, dcbdcadba  

( ) { { } { } { } { } { } { } { } { } { } { }};,,,,,,,,,,,,,,,,,,,0 dcbcbadbcbdacadcbaXXPC /=∗γ
 

( ) { { } { } { } { } { } { } { } { } { } { },,,,,,,,,,,,,,,,,,0 dcdbcbdacabadcbaXXSPC /=∗γ
 

{ } { }};,,,,, dcbcba  

( ) { { } { } { } { } { } { } { } { } { } { }};,,,,,,,,,,,,,,,,,,,0 dcbcbadbcbdacadcbaXXPGC /=∗γ
 

( ) { { } { } { } { } { } { } { } { } { } { },,,,,,,,,,,,,,,,,,,0 cbadbcbdacabadcbaXXGPC /=∗γ
 

{ } { }};,,,,, dcbdba  

( ) { { } { } { } { } { } { } { } { } { } { },,,,,,,,,,,,,,,,,,0 dcdbcbdacabadcbaXXSPGC /=∗γ
 

{ } { }};,,,,, dcbcba  

( ) { { } { } { } { } { } { } { } { } { } { },,,,,,,,,,,,,,,,,,0 dcdbcbdacabadcbaXXSPC
g

/=∗γ
 

{ } { } { }};,,,,,,,, dcbdbacba  

( ) { { } { } { } { } { } { } { } { } { } { },,,,,,,,,,,,,,,,,,0 dcdbcbdacabadcbaXXPRC
g

/=∗γ
 

{ } { } { } { }}.,,,,,,,,,,, dcbdcadbacba  

Theorem 2.1. Let X be a topological space and ( )XP→γ τ:  be an operation 
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on .τ  Then 

(i) every -γ closed set is -γ g.closed, -∗γ rg.closed and -∗γ pre-closed; 

(ii) every -∗γ regular-closed set is -∗γ pre-closed; 

(iii) every -∗γ pre-closed set is -∗γ sp.closed and -∗γ pg.closed; 

(iv) every -∗γ pg.closed set is -∗γ gp.closed, -
∗γ g sp.closed and -

∗γ g  pr.closed; 

(v) every -∗γ gp.closed set is -
∗γ g sp.closed; 

(vi) every -∗γ sp.closed set is -∗γ spg.closed; 

(vii) every -∗γ spg.closed set is -
∗γ g sp.closed. 

Proof. Proof follows from Definition 2.1, Theorem 2.2 [14] and Remark 2.1 

[15]. 

The complement of -γ g.closed (resp., -∗γ rg.closed, -∗γ pg.closed, 

-∗γ gp.closed, -∗γ spg.closed, -
∗γ g sp.closed and -

∗γ g pr.closed) set is called 

-γ g.open (resp., -∗γ rg.open, -∗γ pg.open, -∗γ gp.open, -∗γ spg.open, -
∗γ g  sp.open 

and -
∗γ g pr.open) set and defined in the following lemma. 

Lemma 2.1. A subset A of a topological space X is 

(i) -γ g.open iff ( ) FAnti ⊇γ  whenever ( ) FA ⊇  and F is -γ closed; 

(ii) -∗γ rg.open iff ( ) FAnti ⊇γ  whenever ( ) FA ⊇  and F is -∗γ regular-

closed; 

(iii) -∗γ pg.open iff ( ) FAntpi ⊇∗γ
 whenever ( ) FA ⊇  and F is -∗γ pre-

closed; 

(iv) -∗γ gp.open iff ( ) FAntpi ⊇∗γ
 whenever ( ) FA ⊇  and F is -γ closed; 

(v) -∗γ spg.open iff ( ) FAntspi ⊇∗γ
 whenever ( ) FA ⊇  and F is 



OPERATIONS GENERALIZED PRE-REGULAR … 

 

7 

-∗γ sp.closed; 

(vi) -
∗γ g sp.open iff ( ) FAntspi ⊇∗γ

 whenever ( ) FA ⊇  and F is -γ closed; 

(vii) -
∗γ g pr.open iff ( ) FAntpi ⊇∗γ

 whenever ( ) FA ⊇  and F is -∗γ regular-

closed. 

We denote the set of all -γ g.open (resp., -∗γ rg.open, -∗γ pg.open, -∗γ gp.open, 

-∗γ spg.open, -
∗γ g sp.open and -

∗γ g pr.open) sets by ( )XGOγ  (resp., ( ),XRGO ∗γ
 

( ) ( ) ( ) ( )XSPOXSPGOXGPOXPGO
g
∗∗∗∗ γγγγ

,,,  and ∗γg
PRO ( )).X  

Theorem 2.1. For any topological space X and ( )XP→γ τ:  is an operation 

on ,, XA ⊆τ  the following hold: 

(i) If ( ) ,γγ∈ τ∩XGCA  then ;
c

A γ∈ τ  

(ii) If ( ) ( ) ,XROXRGCA ∗∗ γγ
∈ ∩  then ;

c
A γ∈ τ  

(iii) If ( ) ( ) ,XPOXPGCA ∗∗ γγ
∈ ∩  then ( );XPCA ∗γ

∈  

(iv) If ( ) ,γγ∗∈ τ∩XGPCA  then ( );XPCA ∗γ
∈  

(v) If ( ) ( ),XSPOXSPGCA ∗∗ γγ
∈ ∩  then ( );XSPCA ∗γ

∈  

(vi) If ( ) ,γγ∗∈ τ∩XSPCA
g

 then ( );XSPCA ∗γ
∈  

(vii) If ( ) ( ) ,XROXPRCA
g

∗∗ γγ
∈ ∩  then ( ).XPCA ∗γ

∈  

Proof. Proof is straightforward. 

3. ( )-,
∗∗ βγ gg pr.continuous Mappings 

Definition 3.1 [15]. A mapping YXf →:  is called: 

(i) ( )-, βγ∗ pre-continuous if ( ) ( );, 1 XPCBfB c
∗γ

−
β ∈σ∈∀  
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(ii) ( )-, βγ∗ pg-continuous if ( ) ( );, 1 XPGCBfB c
∗γ

−
β ∈σ∈∀  

(iii) ( )-, βγ∗ gp-continuous if ( ) ( );, 1 XGPCBfB c
∗γ

−
β ∈σ∈∀  

(iv) ( )-, ∗∗ βγ pre-continuous if ( ) ( ) ( );, 1 XPCBfYPCB ∗∗ γ

−

β
∈∈∀  

(v) ( )-, ∗∗ βγ pg-continuous if ( ) ( ) ( );, 1 XPGCBfYPGCB ∗∗ γ

−

β
∈∈∀  

(vi) ( )-, ∗∗ βγ gp-continuous if ( ) ( ) ( )., 1 XGPCBfYGPCB ∗∗ γ

−

β
∈∈∀  

Lemma 3.1 [15]. Let YXf →:  be a mapping. Then 

(i) ( )-, βγ∗
pre-continuous ( ) ( );, 1 XPOBfB ∗γ

−
β ∈σ∈∀  

(ii) ( )-, βγ∗
pg.continuous ( ) ( );, 1 XPGOBfB ∗γ

−
β ∈σ∈∀  

(iii) ( )-, βγ∗
gp.continuous ( ) ( );, 1 XGPOBfB ∗γ

−
β ∈σ∈∀  

(iv) ( )-, ∗∗ βγ pre-continuous ( ) ( ) ( );, 1 XPOBfYPOB ∗∗ γ

−

β
∈∈∀  

(v) ( )-, ∗∗ βγ pg.continuous ( ) ( ) ( );, 1 XPGOBfYPGOB ∗∗ γ

−

β
∈∈∀  

(vi) ( )-, ∗∗ βγ gp.continuous ( ) ( ) ( )., 1 XGPOBfYGPOB ∗∗ γ

−

β
∈∈∀  

Proposition 3.1 [15]. Let YXf →:  be a mapping. Then 

(i) If f is ( )-, βγ∗
pre-continuous, then f is ( )-, βγ∗

pg.continuous; 

(ii) If f is ( )-, βγ∗
pg.continuous, then f is ( )-, βγ∗

gp.continuous; 

(iii) If f is ( )-, ∗∗ βγ pre-continuous, then f is ( )-, βγ∗
pre-continuous; 

(iv) If f is ( )-, ∗∗ βγ pg.continuous, then f is ( )-, βγ∗
pg.continuous; 

(v) If f is ( )-, ∗∗ βγ gp.continuous, then f is ( )-, βγ∗
gp.continuous. 

Note that the converse of the above proposition need not be true. 
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Definition 3.2. A mapping YXf →:  is called: 

(i) ( )-, βγ∗ rg.continuous if ( ) ( );, 1 XRGCBfB c
∗γ

−
β ∈σ∈∀  

(ii) ( )-, ∗∗ βγ regular-continuous if ( ) ( ) ( );, 1 XRCBfYRCB ∗∗ γ

−

β
∈∈∀  

(iii) ( )-, βγ∗
g pr.continuous if ( ) ( );, 1 XPRCBfB

g

c
∗γ

−
β ∈σ∈∀  

(iv) ( )-,
∗∗ βγ gg pr.continuous if ( ) ( ) ( )., 1 XPRCBfYPRCB

gg
∗∗ γ

−

β
∈∈∀  

Example 3.1. Let { } { } { } { } { }{ }babaXYcbaX ,,,,,0,3,2,1,,, /=== τ  and 

{ } { }{ }3,2,2,,0 Y/=σ  and define operations ( )XP→γ τ:  and →σβ :  ( )YP  by 

( ) AA =γ  if ( )AclAa ;∈  if Aa ∈/  for every τ∈A  and ( ) ( )AclA =β  if 

{ } AA ;2=  if { }2≠A  for every ,σ∈A  respectively. Define YXf →:  by 

( ) ( ) 3,2 == bfaf  and ( ) .1=cf  Then the inverse image of every -β closed set is 

-∗γ rg.closed under f. Hence f is ( )-, βγ∗  rg.continuous. 

Example 3.2. Let { } { } { } { } { }{ }babaXYcbaX ,,,,,0,3,2,1,,, /=== τ  and 

{ } { } { }{ }2,1,2,1,,0 Y/=σ  and define operations ( )XP→γ τ:  and ( )YP→σβ :  

by ( ) AA =γ  if ( )AclAa ;∈  if Aa ∈/  for every τ∈A  and ( ) { }3∪AA =β  if 

{ } AA ;1=  if { }1≠A  for every ,σ∈A  respectively. Define YXf →:  by 

( ) ( ) 2,1 == bfaf  and ( ) .3=cf  Then the inverse image of every -∗β regular-

closed set is -γ regular-closed under f. Hence f is ( )-, ∗∗ βγ regular-continuous. 

Example 3.3. Let { } { } { { } { } { },,,,,,0,3,2,1,,, babaXYcbaX /=== τ  

{ }}cb,  and { } { } { }{ }3,1,3,1,,0 Y/=σ  and define operations ( )XP→γ τ:  and 

( )YP→σβ :  by ( ) AA =γ  if { } ( )AclcbA ;,≠  if { }cbA ,=  for every τ∈A  

and ( ) AA =β  if { } ( )( )AclA int;3,1=  if { }3,1≠A  for every ,σ∈A  respectively. 

Define YXf →:  by ( ) ( ) 3,1 == bfaf  and ( ) .2=cf  Then the inverse image 

of every -β closed set is -
∗γ g pr.closed under f. Hence f is ( )-,

∗∗ βγ g pr.continuous. 

Example 3.4. Let { } { } { } { }{ }babXYcbaX ,,,,0,3,2,1,,, /=== τ  and 

{ } { } { } { }{ }3,2,2,1,3,2,,0 Y/=σ  and define operations ( )XP→γ τ:  and 
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( )YP→σβ :  by ( ) AA =γ  if ( )AclAa ;∈  if Aa ∈/  for every τ∈A  and 

( ) { }1∪AA =β  if { } ( )AclA ;2=  if { }2≠A  for every ,σ∈A  respectively. Define 

YXf →:  by ( ) ( ) 2,3 == bfaf  and ( ) .1=cf  Then the inverse image of every 

-
∗βg pr.closed set is -

∗γ g pr.closed under f. Hence f is ( )-,
∗∗ βγ gg pr.continuous. 

Remark 3.1. (i) From Examples 3.1, 3.2 and Definition 3.2 the concepts of 

( )-, βγ∗ rg.continuous and ( )-, ∗∗ βγ regular-continuous are independent. 

(ii) From Examples 3.2, 3.4 and Definition 3.2 the concepts of ( )-, ∗∗ βγ regular-

continuous and ( )-,
∗∗ βγ gg pr.continuous are independent. 

Remark 3.2. Every ( )-, βγ∗ pg.continuous mapping is ( )-, βγ∗
g  pr.continuous. 

But converse need not be true. 

Let { } { } { } { }{ }babXYcbaX ,,,,0,3,2,1,,, /=== τ  and { { },1,,0 Y/=σ  

{ } { } { }}3,2,2,1,2  and define operations ( )XP→γ τ:  and ( )YP→σβ :  by 

( ) AA =γ  if { } ( )AclbA ;=  if { }bA ≠  for every τ∈A  and ( ) ( )AclA =β  if 

{ } { } AA ;2,1=  if { } { }2,1=/A  for every ,σ∈A  respectively. Define YXf →:  

by ( ) ( ) 1,2 == bfaf  and ( ) .3=cf  Then f is ( )-,
∗∗ βγ g pr.continuous. 

{ }( )3,11−f { }cb,=  is not -∗γ pg.closed in X for the -β closed set { }3,1  of Y . So f 

is not ( )-, βγ∗ pg.continuous. 

Remark 3.3. Every ( )-,
∗∗ βγ gg pr.continuous mapping is ( )-, βγ∗

g  

pr.continuous. But converse need not be true. 

Let { } { } { } { } { }{ }babaXYcbaX ,,,,,0,3,2,1,,, /=== τ  and { ,,0 Y/=σ  

{ } { }}2,1,1  and define operations ( )XP→γ τ:  and ( )YP→σβ :  by ( ) AA =γ  if 

{ } { } { }cAbaA ∪;,=  if { } { }baA ,≠  for every τ∈A  and ( ) AA =β  if 

{ } ( )AclA ;2,1=  if { }2,1=/A  for every ,σ∈A  respectively. Define YXf →:  

by ( ) ( ) 1,2 == bfaf  and ( ) .3=cf  Then f is ( )-, βγ∗
g pr.continuous. { }( )11−f  

{ }b=  is not -
∗γ g pr.closed in X for the -

∗βg pr.closed { }1  of Y. So f is not 

( )-,
∗∗ βγ gg pr.continuous. 
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Theorem 3.1. Let X be a topological space and ( )XP→γ τ:  be an open 

operation on .τ  

(i) If A is a -∗γ regular-closed set in X, then A is -γ closed; 

(ii) If A is a -∗γ rg.closed set in X, then A is -
∗γ g pr.closed; 

(iii) If A is a -∗γ gp.closed set in X, then A is -
∗γ g pr.closed. 

Proof. (i) Let A be -∗γ regular-closed in X. Then ( ( )).int AclA γγ=  By 

Theorem 3.6 (iii) [10], we have that ( ) ( ( ( ))) ( ( ))AclAclclAcl γγγγγγ == intint  

.A=  Therefore A is -γ closed. 

(ii) Let A be -∗γ rg.closed in X and UA ⊆  where U is -∗γ regular-open. Then 

( ) .UAcl ⊆γ  Then by Theorem 3.6 (iii) [10], we have that ( )Aclγ  is -γ closed. 

Since every -γ closed set is -∗γ pre-closed, ( )Aclγ  is -∗γ pre-closed. This implies 

that ( ) ( )AclApcl γγ
⊆∗  and hence ( ) ⊆∗γ

Apcl  .U  Hence A is -
∗γ g pr.closed. 

(iii) Let A be -∗γ gp.closed in X and ,UA ⊆  where U be -∗γ regular-open. 

Then by (i), U is -γ open. Since A is -∗γ gp.closed, ( ) .UApcl ⊆∗γ
 Hence A is 

-
∗γ g pr.closed. 

Theorem 3.2. Let X be a topological space and ( )XP→γ τ:  be an open 

operation on .τ  Then 

(i) If f is ( )-, βγ∗
rg.continuous, then f is ( )-, βγ∗

g pr.continuous; 

(ii) If f is ( )-, βγ∗
gp.continuous, then f is ( )-, βγ∗

g pr.continuous. 

Proof. (i) Let B be -β closed in Y. Then by hypothesis, ( )Bf 1−  is -∗γ rg.closed 

in X. Since γ  is open and by Theorem 3.1 (ii), ( )Bf 1−  is -
∗γ g pr.closed in X. Hence 

f is ( )-, βγ∗
g pr.continuous. 
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(ii) Let B be -β closed in Y. Then by hypothesis, ( )Bf 1−  is -∗γ gp.closed in X. 

Since γ  is open and by Theorem 3.1 (iii), ( )Bf 1−  is -
∗γ g pr.closed in X. Hence f is 

( )-, βγ∗
g pr.continuous. 

Theorem 3.3. Let YXf →:  be a mapping. Then 

(i) ( )-, βγ∗
g pr.continuous ( ) ( );,B 1 XPROBf

g
∗γ

−
β ∈σ∈∀  

(ii) ( )-,
∗∗ βγ gg pr.continuous ( ) ( ) ( ).,B 1 XPROBfYPRO

gg
∗∗ γ

−

β
∈∈∀  

Proof. (i) Let f be ( )-, βγ∗
g pr.continuous and let VYB −=  be -β open in Y. 

This implies that V is -β closed in Y. Since f is ( )-, βγ∗
g pr.continuous, ( )Vf 1−  is 

-
∗γ g pr.closed in X. Hence ( ) 11 −− −= fXBf ( ) ( )VfXBY 1−−=−  is -

∗γ g  

pr.open in X. Conversely, let F be -β closed in Y. Then FYB −=  is -β open in Y. 

Then by hypothesis, ( )Bf 1−  is -
∗γ g pr.open in X. Hence ( ) −=− XFf 1  

( ) ( )BfXFYf 11 −− −=−  is -
∗γ g pr.closed in X. Therefore, we obtain that f is 

( )-,
∗∗ βγ gg pr.continuous. 

(ii) Let f be ( )-,
∗∗ βγ gg pr.continuous and let VYB −=  be -

∗βg pr.open in Y. 

This implies that V is -
∗βg pr.closed in Y. Since f is ( )-,

∗∗ βγ gg pr.continuous, 

( )Vf 1−  is -
∗γ g pr.closed in X. Hence ( ) 11 −− −= fXBf ( ) ( )VfXBY 1−−=−  is 

-
∗γ g pr.open in X. Conversely, let F be -

∗βg pr.closed in Y. Then FYB −=  is 

-
∗βg pr.open in Y. Then by hypothesis, ( )Bf 1−  is -

∗γ g pr.open in X. Hence 

( ) ( ) ( )BfXFYfXFf 111 −−− −=−−=  is -
∗γ g pr.closed in X. Therefore, we 

obtain that f is ( )-,
∗∗ βγ gg pr.continuous. 

Definition 3.3 [15]. A mapping YXf →:  is called: 

(i) ( )-, ∗∗ βγ regular-closed if ( ) ( ) ( );, YRCBfXRCF ∗∗ βγ
∈∈∀  
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(ii) ( )-, ∗∗ βγ regular-open if ( ) ( ) ( );, YROBfXROF ∗∗ βγ
∈∈∀  

(iii) ( )-, ∗∗ βγ pre-closed if ( ) ( ) ( );, YPCBfXPCF ∗∗ βγ
∈∈∀  

(iv) ( )-, ∗∗ βγ pre-open if ( ) ( ) ( );, YPOBfXPOF ∗∗ βγ
∈∈∀  

(v) ( )-, ∗∗ βγ gp.closed if ( ) ( ) ( );, YGPCBfXGPCF ∗∗ βγ
∈∈∀  

(vi) ( )-, ∗∗ βγ gp.open if ( ) ( ) ( )., YGPOBfXGPOF ∗∗ βγ
∈∈∀  

Theorem 3.4. Let YXf →:  be a ( )-, ∗∗ βγ regular-continuous and 

( )-, ∗∗ βγ pre-closed mapping. Then for every -
∗γ g pr.closed set A of ( )AfX ,  is 

-
∗βg pr.closed in Y. 

Proof. Let A be -
∗γ g pr.closed in X. Let ( ) ,UAf ⊆  where U be -∗β regular-

open in Y. Then ( ).1 UfA −⊆  Since f is ( )-, ∗∗ βγ regular-continuous and A is 

-
∗γ g pr.closed, implies that ( )Uf 1−  is -∗γ regular-open in X and ( ) ⊆∗γ

Apcl  

( ).1 Uf −  That is, ( ( )) .UApclf ⊆∗γ
 Now ∗β

pcl ( )( ) ( ( ( ))) =⊆ ∗∗ γβ
ApclfpclAf  

( ( )) ,UApclf ⊆∗γ
 since f is ( )-, ∗∗ βγ pre-closed. Thus ( )Af  is -

∗βg pr.closed in Y. 

Theorem 3.5. Let YXf →:  be a bijective, ( )-, ∗∗ βγ pre-continuous and 

( )-, ∗∗ βγ regular-open mapping. Then for every -
∗βg pr.closed set B of Y, ( )Bf 1−  is 

-
∗γ g pr.closed in X. 

Proof. Let U be a -∗γ regular-open set such that ( ) .1 UBf ⊆−  Then 

( ).UfB ⊆  Since f is ( )-, ∗∗ βγ regular-open, ( )Uf  is a -∗β regular-open set 

containing B. Since B is -
∗βg pr.closed, hence ( ) ( )UfBpcl ⊆∗β

 and so 

( ( )) .1 UBpclf ⊆∗β

−  Since ( ( ))Bpclf ∗β

−1  is a -∗γ pre-closed set containing 

( ) ,1 Bf −  implies that ( ( )) ( ( )) .11 UBpclfBfpcl ⊆⊆ ∗∗ β

−−

γ
 Hence ( )Bf 1−  is 
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-
∗γ g pr.closed in X. 

Theorem 3.6. For any surjection mapping ,: YXf →  the following 

statements are equivalent. 

(i) For any -∗γ pre-open G of ( )GfX ,  is -∗β gp.open in Y; 

(ii) For any ( )XPOUYB ∗γ
∈⊆ ,  such that ( ) ,1 UBf ⊆−  there exists 

( )YGPOV ∗β
∈  such that VB ⊆  and ( ) .1 UVf ⊆−  

Proof. Let ( )XPOUYB ∗γ
∈⊆ ,  such that ( ) .1 UBf ⊆−  Then by hypothesis, 

we have that ( ) ( ).YGPOUf ∗β
∈  Put ( ).UfV =  Since ( )Bf 1− ,U⊆  =B  

( ( )) ( ) VUfBff =⊆−1  and ( ) ( )( ) .11 UUffVf ⊆= −−  Conversely, let ∈G  

( ) ( ) FGfXPO ⊇∗γ
,  such that ,

c
F βσ∈  then 1−⊇ fG  ( ) ., YFF ⊆  This 

implies that there exist ( )YGPOV ∗β
∈  such that VF ⊆  and ( ) .1 GVf ⊆−  Since 

( ) cFYGPOV ββ
σ∈∈ ∗ ,  and .VF ⊆  Consequently, ( ) .FVntpi ⊇∗β

 Since 

( ) ,GfV ⊆ ( ) ( )( ).GfntpiVntpiF ∗∗ ββ
⊆⊆  This implies that ( ) ( ).YGPOGf ∗β

∈  

Theorem 3.7. For any surjection mapping YXf →:  the following 

statements are equivalent. 

(i) For any -∗γ pre-open G of ( )GfX ,  is -
∗βg pr.open in Y; 

(ii) For any ( )XPOUYB ∗γ
∈⊆ ,  such that ( ) ,1 UBf ⊆−  there exists 

( )YPROV
g
∗β

∈  such that VB ⊆  and ( ) .1 UVf ⊆−  

Proof. Proof is similar to Theorem 3.6. 

Note that if YXf →:  is ( )βγ∗
,g pr.continuous and ZYg →:  is 

( )-, ρβ∗
g pr.continuous, then the composition ZXgof →:  is not ( )-, ργ∗

g  

pr.continuous mapping. 
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Example 3.5. Let { } { { } { } { },,,,,,0, babaXdc,b,a,ZYX /==== τ  

{ }}cba ,,  and { } { } { } { } { }{ }dbadababaY ,,,,,,,,,,0/=σ  and { { },,,0 aZ/=η  

{ } { } { } { } { } { } { }}dcacbacbcabacb ,,,,,,,,,,,,,  and define operations τ:γ  

( ) ( )YPXP →σβ→ :,  and ( )ZP→ηρ :  by ( ) AA =γ  if { } { };,, baaA =  

( )Acl  if { } { }baaA ,,≠  for every τ∈A  and ( ) AA =β  if { } { } ∪AbaA ;,=  { }c  

if { } ( )AclbaA ;,=  if { } { } { }babaA ,,,≠  for every σ∈A  and ( ) AA =ρ  { }b∪  

if { } { };,,, dcaaA =  A if { } { }dcaaA ,,,≠  for every ,η∈A  respectively. Define 

YXf →:  by ( ) ( ) ( ) bcfcbfdaf === ,,  and ( ) adf =  and define 

ZYg →:  by ( ) ( ) ( ) acgcbgbag === ,,  and ( ) .ddg =  Then f and g are 

( )-, βγ∗
g pr.continuous and ( )-, ρβ∗

g  pr.continuous, respectively. { }d  is -ρ closed 

in Z. ( ) { }( ) ( 111 −−− = gfdgof  { }( )) { }( ) { }adfd == −1  which is not -
∗γ g pr.closed 

in X. Hence gof  is not ( )-, ργ∗
g pr.continuous. 

Theorem 3.8. Let YXf →:  and ZYg →:  be two mappings. Then 

(i) If f is ( )-, βγ∗
g pr.continuous and g is ( )-, ρβ continuous, then gof is 

( )-, ργ∗
g pr.continuous; 

(ii) If f is ( )-,
∗∗ βγ gg pr.continuous and g is ( )-,

∗∗ ρβ gg pr.continuous, then gof is 

( )-,
∗∗ ργ gg pr.continuous; 

(iii) If f is ( )-,
∗∗ βγ gg pr.continuous and g is ( )-, ρβ∗

g pr.continuous, then gof is 

( )-, ργ∗
g pr.continuous. 

Proof. (i) Let V be -ρ closed in Z. Then ( )Vg 1−  is -β closed in Y since g is 

( )-, ρβ continuous. ( )-, βγ∗
g pr.continuity of f implies that ( ( ))Vgf 11 −−  is 

-
∗γ g pr.closed in X. That is, ( ) ( )Vgof

1−
 is -

∗γ g pr.closed in X. Hence gof  is 

( )-, ργ∗
g pr.continuous. 

(ii) Let V be -
∗ρg pr.closed in Z. Since g is ( )-,

∗∗ ρβ gg pr.continuous, ( )Vg 1−  is 



D. SARAVANAKUMAR et al. 

 

16 

-
∗βg pr.closed in Y. As f is ( )-,

∗∗ βγ gg pr.continuous ( ( ))Vgf 11 −− ( ) ( )Vgof
1−=  is 

-
∗γ g pr.closed in X. Therefore gof  is ( )-,

∗∗ ργ gg  pr.continuous. 

(iii) Let V be -ρ closed in Z. Since g is ( )-, ρβ∗
g pr.continuous, ( )Vg 1−  is 

-
∗βg pr.closed in Y. As f is ( )-,

∗∗ βγ gg pr.continuous ( ( )) =−− Vgf 11 ( ) ( )Vgof
1−

 is 

-
∗γ g pr.closed in X. Therefore gof  is ( )-, ργ∗

g pr.continuous. 

Theorem 3.9. Let X be a topological space and ( )XP→γ τ:  be an operation 

on .τ  Then the following properties are equivalent: 

(i) For any pair of disjoint -∗γ regular-closed sets BA,  of X, there exist 

disjoint -∗γ pre-open sets VU ,  such that UA ⊆  and ;VB ⊆  

(ii) For any pair of disjoint -∗γ regular-closed sets BA,  of X, there exist 

disjoint -
∗γ g pr.open sets VU ,  such that UA ⊆  and ;VB ⊆  

(iii) For any -∗γ regular-closed set A and any -
∗γ g regular-open set V 

containing A, there exists a -
∗γ g pr.open set U such that ∗γ

⊆⊆ pclUA  ( ) .VU ⊆  

Proof. (i) Let A and B be -∗γ regular-closed and .0/=BA ∩  Then by 

hypothesis, there exist disjoint -∗γ pre-open sets VU ,  such that UA ⊆  and 

,VB ⊆  this follows that disjoint -
∗γ g pr.open sets VU ,  such that UA ⊆  and 

.VB ⊆  

(ii) ⇒  (iii). Let A be any -∗γ regular-closed set and V a -∗γ regular-open set 

containing A. Since A and VX −  are disjoint -∗γ regular-closed sets of X, there 

exist -
∗γ g pr.open sets WU ,  of X such that −⊆ XUA ,  WV ⊆  and .0/=WU ∩  

Therefore by Definition 2.1, we have that VX − ( ).Wntpi ∗γ
⊆  Since 

( ) ,0/=∗γ
WntpiU ∩  we have that ( ) ( )WntpiUpcl ∗∗ γγ

∩ 0/=  and hence 

( ) ( ) .VWntpiXUpcl ⊆−= ∗∗ γγ
 Therefore ∗γ

⊆⊆ pclUA  ( ) .VU ⊆  
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(iii) ⇒  (i). Let A and B be any disjoint -∗γ regular-closed sets of X. Since 

BX −  is a -∗γ regular-open set containing A, there exists a -
∗γ g pr.open set G such 

that ( ) .BXUpclGA −⊆⊆⊆ ∗γ
 By Definition 2.1, we have that ⊆A  

( ).Gntpi ∗γ
 Put ( )GntpiU ∗γ

=  and ( ).GpclXV ∗γ
−=  This implies that U and V 

are disjoint -∗γ pre-open sets such that UA ⊆  and .VB ⊆  
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