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Abstract

An equation linking the geometry of spacetime to the kinematics of the
motion of matter opens a new path towards the unification of General

Relativity and Quantum Mechanics.
1. Introduction

Einstein’s field equation appeared in its complete form in a paper
published on November 25, 1915. Since then, numerous experimental
verifications have demonstrated its accuracy in the study of gravitation.
Its major strength lies in the conservation of energy of matter, of which it
is a mathematical consequence (the conservation of energy is no longer a
principle). However, the inadequate form of the energy-momentum
tensor, commonly established from a classical description of matter in
terms of mass and pressure, is the reason why electrodynamics and

quantum mechanics are inaccessible within the framework of the theory
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of general relativity. This is what we attempt to demonstrate in this

article.
2. Total Field Equation

In the following study, we refer to a local frame of reference in
Minkowski space, with coordinates denoted from O to 3 and signature
(1, -1,-1,-1).

We come from the belief that Einstein’s equation must account for the

quantum aspects of matter and all the forces acting on it.
Thus, we have 10 equations with 6 unknowns across 10 components
of the metric 8ij» due to the free choice of the spatiotemporal frame of

reference. To ensure the compatibility of the equations, it is necessary to
associate with the metric a four-component entity, namely a four-vector,

which we denote ;.

Let us a priori assume the simplest field equation: R;; = pu;p; where

R;; denotes the Ricci tensor. Forming the Einstein tensor, we obtain:
1 1 9
Rij -5 RS = xTj = wipj — 5 178y, (1)

where % denotes Einstein’s gravitational constant and u2 = ukuk.

The tensor Tj; represents the energy-momentum tensor in the form

of a density. It is conservative in reason of no-divergence of the Einstein

tensor.

By integrating T, over a spatial volume at the boundaries of which

all components of the tensor vanish, we obtain:

_[ToodV = 2%(.[(“(2) +p? +u2 +u2)dv = constant. 2)
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This relationship expresses the conservation of energy of matter within a

closed spatial volume. Its expression is strictly positive. Furthermore, if

uz # 0, TlJJ = 0 implies, after all calculations:

Hj(Hi,j -u;;)=0,
. (3a, 3b)
ufi =0.

The second equation is a conservation equation. The system completely

defines the four-vector p; if JuOdV is known.

3. Wave Associated with the Movement of a Particle

Using the Levi-Civita symbol, knowing that e = -/ (4) in
Minkowski space, we seek an approximate solution y; to the system of

equations (3a, 3b) by setting:

2nv k1 i, j i 2TV ikl
Vij = Vji = ggmyw eyt -yl = ===y, (9)

where v has the dimensions of a time frequency and u; is a

dimensionless four-vector, indeterminate at this stage of the calculations.
Equation (3a) is thus satisfied. Taking into account equation (3b), and

differentiating both sides of the above equality with respect to j:

2nv koj, U ks b
oV, =T€ijkl(\|f Tt oyttt ),

v k, j kY, 1 2TV ko1j
oy; =78ijkz(\lf T =yl R u T e

By hypothesis, let us identify u; with the unit 4-velocity local and set y;

du’

. Then, since ubi = ls’j, it
ds v

collinear with the 4-acceleration yi =
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follows: eijkl\pkul’j =0 and:

k.1 l,k)

- ( J
OV =&V — v,

k.1 l,k)

v .
D\Ifi=—78ijkl(\lf -yt ul.

Considering relation (5):
v k i
oy; = 2(7) Sijklﬁ lmn\pmunu].

Considering relation (4):
e’ = —2(8"8" - 8787).

Therefore:

2
2nv i
oy; = _(T] (8787 — 8787 )y punu,

2 . .
oy; = - —ij (yiuju —upyju?),

TN
[\
o

21V 2
ove =2,

ﬂ, where m, ¢ and h denote, respectively, the

h

particle’s mass, the speed of light, and Planck’s constant, the above

If, in addition: v =

equation becomes:

uwi+’”h—2wi=0, (6)

h
where 7 = o
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This is a wave equation analogous to the Klein-Gordon equation
governing a free particle in Quantum Mechanics, but with the difference
that the wave function is real here. As an approximate solution to the
system of equations (3a, 3b), the quadratic expression under the integral
(2), which is strictly positive, does not represent an energy density, but a
density that we can normalize to unity by integration over all physical
space. This is analogous to the probability density of the particle’s

presence in Quantum Mechanics.

However, considering the particle as a whole by positing relation (5)
excludes any possibility of describing its internal dynamics. This
approach only allows us to show that there is a direct relationship
between the densities of energy and of probability of the particle’s

presence.

Returning to the previous hypotheses, we must state:

Ry by vy (7a)
R~ 2 2

where R = “2 et 72 = ykyk.

These are 9 differential equations with 9 unknowns: 6 components of
the metric and 3 components of the 4-speed, taking into account the free
choice of the spatiotemporal frame of reference and the unitary nature of
the 4-speed.

Note that in any given coordinate system, we have:

. . . 1 i
Y; = uJVjui = uJ(ui,j — u]'7i) = u]uw- +§u]u gjk,i' (7b)

4. Relationship between Energy and Momentum

The following calculation shows that o = iTij uu; = —
c? o 2)(02
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represents an eigenmass density.

Indeed, we verify a relationship, analogous to Einstein’s equation

linking the energy and momentum of a particle, in the form of a density:

4
imk _ L | i i 2 B i
T,T; —X—z[u‘uju —ppju +78§J,

imk “2 : i 2 4si
TTF = -5 8 = o%c's’,
TYTE = 6c*sf. ®)

In comparison, concerning a free particle considered as a whole and

assimilated to a point of space:

JTiOdV - J' oc2u;uldV ~ mctu; = J' TiOdVJ TidV = m2c*. (9)

5. Law of Microscopic Movement of Matter

First, let us show that any antisymmetric tensor of order two,

differentiable at least once, satisfies the tensor identity:

2
(% 8! — (Pik(P]kJ = q{’i%’ + §(<Pij,k + Qg + <Pki,j)<P]k, (10)
2 J

where (pz = (pjk(pjk.

Indeed:

1 9.7 1 ik
(Z(P 5{] ' =§<ij,i(P] ;

5

(-99™) ; = 0, j9” — 00’}
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But:

_(Pik,j(PJ = (Pki,j(PJ = (Pij,k(PJ )

2 2
_(Pik(P,]j = (Pfk(Pij-
Hence the identity stated above.

Let us start with the expression:
0 = L(Miuj -y ). (11)
N

After all calculations are done, we get:

2

2
. . 1
_q; 8/ - it = E

X 765 —uiuj —uzuiuj = —Tij + 2(502uiuj.

Hence a new expression for the energy-momentum tensor of matter:
. 9 . i (P2 .
Ti] = 2oc uiu] + (Pik(l)] = T 8{ (12)

Furthermore, taking into account (3a), (7b), and the orthogonality of the

4-vectors U; and u;:

1 ik
9 ((Pij,k + Qg + Ok, j )¢’

_ Wik —ph (

% Wik —Hk,i)uj + (Mj,i —Mi,j)uk + (Hk,j —Hj,k)ui

- (ulf’ - uk,i)“j - (uj,i - ui,j)uk - (uk] - uj,k)ui

0+0+0-yu® -y +vuly; +vuly =0

But, since (7a): Yjujui = .
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Thus, the field satisfies the following nonlinear equations:
((Pij,k + Pk, + (Pki,j)(P]k = 0. (13)

Note that the constitutive equations of the Maxwell electromagnetic field,

which are linear, satisfy these equations.

Therefore, @;; represents a generalized electromagnetic field and

g . 2 .
T = (pik(p]k - (pT 8/ is the associated energy-momentum tensor.

The equation of motion of matter in the form of a density can then be

written, according to (10), (12) and (13) taking into account the no-

divergence of the energy-momentum tensor Tij :
(2602uiuj ),J- = (pﬂ,:(pij. (14)
6. Internal Dynamics of an Isolated Particle
In the case of a free particle, to satisfy relation (9), we must set:
Tij = cczuiuj = ITiOdV = IcczuindV.
Consequently, according to (12):

P)
I(Gczuiuo + 9,0 —“’ng’}zv = 0. (15)

In the above relation, @;;, denotes the generalized electromagnetic field

created by the particle itself.

. . a2 . ; .
Thus, oc’uu’ + 6,9’ —%8{ =T —oc?u;u’ represents the

energy-momentum density from an internal dynamics within the particle

whose resultant is zero.



ON A UNIFIED FIELD EQUATION IN GENERAL ... 9

Indeed, equation (15) shows that the energy-pulse acting on half of
the total mass 2c is balanced by an energy-pulse of electromagnetic
origin inside the particle. Therefore, the particle can only be driven in its

global movement by an external field.

7. Motion of a Particle in an External Field

In this situation, it is necessary to distinguish the internal field ¢;;

from the external field ¢; of the particle and set ¢; = ¢;; + ¢;
= (9+ (P)ij-
From (14), we obtain:
‘ NI
(20c*uu’) ; = @+ 9Vr(@+ 9)y-

There is no doubt that the internal field is much greater than the
external field and that the derivatives of the latter are negligible within

the particle, we then obtain:

2

(oc uiuj),j - (P,jifpij + (oc uiuj),j

~2
2 j ~ ~jk ¢ j 2 j ~jk =
= [GC uiu] + (pik(P] —TéiJ + (GC L(,L‘LLJ )’] = (P,Jk(PL]
2

Taking into account (15) and the fact that ¢ is zero at the boundary of a

spatial volume encompassing the particle, we find:
J. (Gc2uiuj )’jdV = J. (GC2LLL‘LL0 )’OdV = I(A[)’]]]:(T)L]dv
That is:

J.ui,oc2dm = mc2ui50 =~ (T)ijj.(;)’jidV. (Maxwell-Lorentz) (16)
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8. Composition of the Generalized Electromagnetic Field

Any antisymmetric tensor of order 2 can be defined from two no-

divergent potential four-vectors:

1 k,1 Lk
9;j =Ai,j—Aj,i+§€ijkl(B’ - B"*).

This implies:

= 1 ro_ 1 k,1 Lk
0ij = 5 Eijr1® =§8ijkz(A - A"*)+ B, ; - B; ;.

Indeed, it is easy to show from these relations that: o A; = (p;jj and

*J
I:IBi =(Pij .

Let:

. 1 k1 Lk
and ¢ = 5 e (B™" - BYF).

G;j = A j - A 5

Jsi

The energy-momentum tensor of the generalized electromagnetic field

T, expressed as a function of ¢;; and @;;, is the sum of three tensors

whose divergences correspond to three distinct forces:
T = T7(0)+ T/ (0, 4)+ T 9). (17)

In particular, we recognize the energy-momentum of Maxwell’s

(-P2

electromagnetic field in T’ij (¢) = ('pik(pjk 1 6{ . Its divergence expresses

the electromagnetic force described in classical electrodynamics.

The other two forces are not part of classical electrodynamics. It is
possible that they have a limited range of action due to the non-linearity

of the field §;; according to (13).
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8. Case of the Luminous Particle

In this case, 6 = 0 and Ty = kokg With [medV = K according to

(3b). The particle being extremely small, pg = K8 where d is the Dirac

delta function and K a constant.

JToodV = IMOMOdV

(1]

(2]

(3]

(4]

(5]

(6]

(7
(8]

(9]

Consequently,

J' KduodV = Kiiy = xhv. (Planck-Einstein)

By postulating: cuy = v, then
K = yhc. (18)
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