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Abstract 

The concept of cone-η  metric space appeared in [1]. In the present paper, 

we prove the higher-order Banach contraction mapping theorem [2] in this 

setting. 

1. Introduction and Preliminaries 

Definition 1.1 (Huang and Zhang [3]). Let E be a real Banach space with norm 

⋅  and P be a subset of E. P is called a cone if and only if 

(a) P is closed, nonempty, and { },θ≠P  where θ  is the zero vector in E; 

(b) For any nonnegative real numbers a and b, and ,, Pyx ∈  we have byax +  

;P∈  
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(c) for ,Px ∈  if ,Px ∈−  then .θ=x  

Definition 1.2 (Huang and Zhang [3]). Given a cone P in a Banach space E, we 

define on E a partial order �  with respect to P by 

( ).int Pxyyx ∈−⇔�  

We shall write yx p  whenever yx �  and ,yx ≠  while yx �  will stand for 

( ),Int Pxy ∈−  where ( )PInt  designates the interior of P. 

Definition 1.3 (Huang and Zhang [3]). The cone P is said to be normal if there is 

a real number ,0>C  such that for all ,, Eyx ∈  we have 

.yCxyx ≤⇒θ ��  

The least positive number satisfying the above inequality is called the normal 

constant of P. In particular, we will say that P is a K-normal cone to indicate the fact 

that the normal constant is K. 

Definition 1.4 (Huang and Zhang [3]). The cone P is said to be regular if every 

increasing sequence which is bounded from above is convergent, that is, if { }nx  is a 

sequence such that 

yxxx n LL ���� 21  

for some ,Ey ∈  then there exists Ex ∈∗  such that .0lim =− ∗
∞→ xxnn  

Definition 1.5 (Deimling [4]). The cone P is said to be minihedral if sup { }yx,  

exists for all ,, Eyx ∈  and strongly minihedral if every subset of E which is 

bounded from above has a supremum and hence any subset which is bounded from 

below has an infimum. 

Remark 1.6. In this paper, we assume that the cone P is normal with constant K 

and P is such that int ( ) ,0/≠P  and �  is a partial ordering with respect to P. Hence 

the Banach space E and the cone P will be omitted, and the Banach space E will be 

assumed to be ordered with the order induced by the cone P. 
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Definition 1.7 (Gaba [1]). Let X be a nonempty set and [ )∞×η ,1: aXX  be 

a map. A function EXXd a×η :  will be called a cone-η  metric space on X if 

(a) ( )yxd ,ηθ �  for all Xx ∈  and ( ) θ=η yxd ,  iff ;yx =  

(b) ( ) ( )xydyxd ,, ηη =  for all ;, Xyx ∈  

(c) ( ) ( ) [ ( ) ( )]zydyxdzxzxd ,,,, ηηη +η�  for all .,, Xzyx ∈  

Moreover, the pair ( )ηdX ,  is called an cone-η  metric space. 

Remark 1.8 (Gaba [1]). If for all Xyx ∈,  

(a) ( ) ,1, =η yx  then we obtain the definition of cone metric space (Huang and 

Zhang [3]). 

(b) ( ) ,, Lyx =η  where ,1≥L  then we obtain the definition of cone metric type 

space (Cvetkovic et al. [6]). 

(c) ( ) ,, Cyx =η  where R=≥ EC ,1  and [ ) ,,0 ∞=P  then we obtain the 

definition of metric type space (Khamsi [7]). 

Example 1.9 (Gaba [1]). Let [ ]( )R,, baCX =  be the space of all continuous 

real valued functions defined on the interval [ ] R=Eba ,,  and ,
+= RP  then 

( )ηdX ,  is an cone-η  metric space with 

( )
[ ]

( ) ( ) 2

,
sup, tytxyxd

bat

−=
∈

η  

and 

( ) ( ) ( ) .2, ++=η tytxyx  

Definition 1.10 (Gaba [1]). We say the following in an cone-η  metric space 

( ):, ηdX  
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(a) { }nx  is convergent to Xx ∈  if for every Ec ∈  with ,c�θ  there exists 

N∈0n  such that ( ) ;, cxxd n �η  

(b) { }nx  is Cauchy if for every Ec ∈  with ,c�θ  there exists N∈0n  such 

that ( ) ;, cxxd mn �η  

(c) X is complete if every Cauchy sequence in X converges to an element of X. 

Remark 1.11. Note that an cone-η  metric is not always continuous (Example 

4.1 of [Gaba [1]). 

2. Main Result 

Definition 2.1. Let X be a nonempty set. By the r-orbit of XXT a:  at ,0x  

we mean for any ,N∈r  the set 

( ) { }.,,,, 0
2

000 LxTxTxTxI rrr =  

Definition 2.2. Let ( )ηdX ,  be an cone-η  metric space. A map XXT a:  

will be called an rth-order Banach contraction mapping if it satisfies 

( ) ( )yTxTdcyTxTd qq
q

r

q

rr ,,

1

0

η

−

=

η ∑≤  

for all ,, Xyx ∈  where 10 <≤ qc  for all ,10 −≤≤ rq  and all .N∈r  

Proposition 2.3. Let ( )ηdX ,  be an cone-η  metric space, and XXT a:  be 

an rth-order Banach contraction mapping. For every pair ,yx ≠  define 

( )
( )

( )
.

,

,
max,:

10 yxd

yTxTd
yxZZ

vv
v

rv η

η−

−≤≤
β==  

Then 
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{ }

( )

( )
,

,

,
max

0 yxd

yTxTd
Z

nn
n

n η

η−

∈
β=

UN
 

where [ ).1,0∈β  

Remark 2.4. If in addition to Remark 1.8(a), R=E  and [ ) ,,0 ∞=P  then it 

follows that every metric space is an cone-η  metric space. Thus Proposition 4.1 of 

[5] implies the Proposition immediately above. 

Now by [2], we have the following alternate characterization of Definition 2.2. 

Definition 2.5. Let ( )ηdX ,  be an cone-η  metric space, a map XXT a:  

will be called an rth-order Banach contraction mapping if for all Xyx ∈,  and all 

,N∈r  the following inequality holds: 

( ) ( ) ,,, yxdZyTxTd
rrr

ηη β≤  

where [ )1,0∈β  and 1≥Z  is given by Proposition 2.3. 

Our main result is as follows. 

Theorem 2.6. Let ( )ηdX ,  be a complete cone-η  metric space such that ηd  is 

continuous. Suppose XXT a:  satisfies Definition 2.5. Moreover, for any 

,0 Xx ∈  suppose that ( ) ,
1

,lim , rmnmn
Z

xx
β

<η∞→  where ( ).,, 0
r

mn TxIxx ∈  

Then there is a unique Xw ∈∗
 such that 

∗∗ = wwT r  for any .N∈r  Moreover, for 

each Xx ∈  and any .lim, ∗
∞→ =∈ wxTr rn

nN  

Proof. Let 0x  be arbitrary and define the sequence { }nx  by 1−= n
rn

n xTx  for 

any .N∈r  Observe 

( ) ( ( ) ) ( ),,,, 1
1

11 nn
r

n
nr

n
rn

nn xxdZxTxTdxxd −η
+

−η+η β≤=  
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( ) ( ( ) ( ) ) ( ) ( ),,,, 1
2

1
21

21 nn
r

n
nr

n
nr

nn xxdZxTxTdxxd −η+
++

η++η β≤=  

M  

( ) ( ) ( )101 ,, xxdZxxd
nr

nn η+η β≤  

for all .,3,2,1 L=n  Since ,1<βrZ  consequently, the sequence { }1−n
rn xT  is 

Cauchy. By the completeness of X, there exists Xw ∈∗
 such that 1lim −∞→ n

rn
n xT  

.∗= w  Now we show existence of the r-fixed point, that is, .∗∗ = wwT r  Observe 

that 

( ) ( ) [ ( ) ( )]∗
η

∗
η

∗∗∗∗
η +η≤ wxdxwTdwwTwwTd nn

rrr
,,,,  

( ) [ ( ) ( )]∗
η−

∗
η

∗∗ +η≤ wxdxTwTdwwT nn
rnrr

,,, 1  

( ) [ ( ) ( )].,,, 1
∗

η−
∗

η
∗∗ +βη≤ wxdxwdZwwT nn

rr
 

Now taking norm to inequality in the above, and then taking limits as ,∞→n  we 

deduce that 

( ) 0, =∗∗
η wwTd

r
 

which implies .∗∗ = wwT r  For uniqueness, suppose ,
∗∗ = uuT

r
 but ,

∗∗ ≠ wu  

then we have 

( ) ( ) ( )∗∗
η

∗∗
η

∗∗
η β≤= wudZwTuTdwud

rrr
,,,  

which implies 

( ) ( ) 0,1 ≤β− ∗∗
η wudZ

r
 

but 0≥ηd  and ,1≠βrZ  thus ( ) ,0, =∗∗
η wud  that is, ∗∗ = wu  and uniqueness 

follows, and the proof is complete. 
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Now we have the following in support of the main result. 

Example 2.7. Let [ ) ,,,0 R=∞= EX  and [ ).,0 ∞=P  Let us define for all 

RaXXdXyx ×∈ η :,,  and [ )∞×η ,1: aXX  as: 

( ) ( ) ( ) .2,;,
2 ++=η−=η yxyxyxyxd  

Then ηd  is an cone-η  metric on X. Moreover, ( )ηdX ,  is complete. Define 

r

x
xT r

2
=  for any ,N∈r  and set [ ).1,0

3

1
∈β=  Observe from the conclusion of 

Proposition 2.3, we have 

{ }
( )

( )

( )2

2

0

22
3

1
max

yx

yx

Z
nn

n

n −

−

= −

∈ UN
 

{ }

( )

( )2

2

20 2

1
3max

yx

yx

n

n

n −

−
=

∈ UN
 

{ } n

n

n 20 2

3
max

UN∈
=  

{ }L,
64

27
,

16

9
,

4

3
,1max=  

.1=  

Thus for any ,N∈r  we have 

( ) ( ) ( ) ( ).,
3

1

2

1
,

22

2
yxdZyxyxyTxTd r

rr

rr
ηη β=−<−=  

Note that for each ,Xx ∈  and any .
2

,
rn

rn x
xTr =∈ N  Thus we obtain 

( ) .32
22

lim,lim
,,

r

rmrnmn
mn

mn

xx
xx <








++=η

∞→∞→
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It follows all the conditions of the previous theorem hold, and the unique r-fixed 

point is given by .0 X∈  
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