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Abstract 

In a former note, it was shown that a Lagrangian based on a Clifford 

algebra introduces naturally the Einstein-Hilbert Lagrangian and 

allows to take into account the intrinsic spin of gravitational sources. 

Here it is shown that, in weak field limit, the angular momentum 

parameter in the Lense-Thirring and Kerr metrics is the sum of the 

source rotation angular momentum and intrinsic spin as expected. In 

this second part the algebra used to build the equations of motion is 

extended, introducing new fields. 

Introduction 

In [1], it has been shown that the Einstein-Hilbert Lagrangian for 

gravity plus a term quadratic in the curvature tensor can result from a 
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gauge theory based on a Clifford algebra represented by the Dirac 

matrices. This naturally introduces torsion and allows to take into 

account source intrinsic spin density. For zero torsion and in weak field 

situations it was shown that there is no contradiction with the Einstein-

Hilbert Lagrangian only. 

[2] was an attempt to take into account sources with spin but it had 

some weaknesses due to unjustified approximations. Here we reconsider 

the problem. 

As for any non abelian gauge theory the field equations are non linear 

and this note does not pretend to solve them exactly. This study is 

restricted to the case of small enough spin density allowing perturbation 

development. Massive relativistic objects with high spin density are 

outside the scope of this note. In the limit of weak fields, it will be shown 

that the angular momentum parameter in the Lense-Thirring and Kerr 

metrics is the sum of the source rotation angular momentum plus its total 

intrinsic spin. This supports the idea that a Lagrangian based on Clifford 

algebra is a possible Lagrangian to consider. The algebra used in [1] and 

[2] is minimal. Section 5 considers an extension of this algebra. This 

introduces additional fields, which can provide some ground and 

justification for the so-called Scalar-tensor-vector gravity theories [3]. 

Section 1 sets the notations and Section 2 recalls the equations of 

motion used in [2]. The contorsion equations are discussed in Section 3 

and Section 4 looks at the Einstein equations and how they are modified 

by the source spin. 

1. Notations and basic Geometrical Equations 

The notations used in this note are the same as those used in [1], [2], 

[4]. The space-time coordinates { }αx  of a point x  are labelled with Greek 

letters ,...,,, γβα  ....,,,0 n<γβα≤  The time coordinate is 0x  and, 
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when it is necessary to distinguish spatial coordinates from the time 

coordinate, the letters ,µ  ,ν  ,ρ  η  … are used. The vectors of the local 

natural frame are written ....,, βα ee  When tensors are expressed with 

respect to local orthonormal frames they are labelled with Latin letters 

....,,, cba  The orthonormal local frame basis vectors are called ,ah  and 

we set .α
α= ehh aa  The metric tensor is ,αβg  and αβg  is its inverse. The 

signature of the metric is ( ).−−−+  In the case of local orthonormal 

frames, the metric tensor is written abη  and its diagonal terms are 

( ).1,1,1,1 −−−+=ηaa  

In the neighborhood of a given point, the local coordinates, with 

respect to the local orthonormal frame attached to this point, are given by 

the 1-forms ,α
α=ω dxhaa  which satisfy the structure equations: 

 aba
b

ad ∑=ω∧ω+ω
.

 (1.1) 

where γ
γ

ω=ω dxa
b

a
b ..

 are the connexion 1-forms and a∑  is the torsion 2-

form. We shall also write .
....

γ
γ

ω=ω↔ωω=ω c
a
b

a
bc

ca
bc

a
b

h  The 

connexion 1-forms are related to the connexion coefficients by: 

 δ
γδ

β
α

α
βγγ

∂+Γ=ω
b

a
b

aa
b

hhhh..
 (1.2) 

The connexion coefficients are the sum of two terms: 

 
α
βγ

α
βγ

α
βγ +Γ=Γ ...

~
S  (1.3) 

where the first term is the Christoffel symbol and the second is the 

contorsion tensor. The contorsion is anti symmetric with respect to the 

two first indices .0=+ βαγαβγ SS  The torsion tensor is: 
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 ( ) ( )α
γβ

α
βγ

α
γβ

α
βγ

α
βγ −=Γ−Γ= ..... 2

1

2

1
SSS  (1.4a) 

and inversely: 

 
α

βγ
α

γβ
α

βγ
α
βγ −−= .... SSSS                   βδγ

αδα
γβ = SgS .  (1.4b) 

The torsion 2-form is: 

 γβα
βγα ∧−=ω∧ω∑=∑ dxdxShacba

bc
a

..
 (1.5) 

Using (1.2), we set: 

 δ
γδ

β
α

α
βγγ

∂+Γ=Γ
b

a
b

aa
b

hhhh..

~~
 (1.6) 

The curvature 2-form is defined by: 

δγ
γδ

∧=ω∧ω=ω∧ω+ω=Ω dxdxRRd a
b

dca
bcd

c
b

a
c

a
b

a
b ...... 2

1

2

1
 

e
b

a
e

e
b

a
e

a
b

a
b

a
b

R
γδδγγδδγγδ

ΓΓ−ΓΓ+Γ∂−Γ∂=↔
.......

 (1.7) 

In this note, we shall assume axial symmetry and use cylindrical 

coordinates [4]. These coordinates are defined with respect to a geodesic 

called the symmetry axis and named the Oz  axis. The distance of a point 

P  to its orthogonal projection on Oz  is the radius called .ρ  The abscissa 

of this projection is called z  and the azimuthal angle is .ϕ  We assume 

that: 

 ϕ+η=ω xdfd0           ρ=ω gd1           ϕ=ω hd2           ldz=ω3  (1.8) 

where η  is the conformal time, and ,f  ,g  ,h  l  are functions of ,η  ,ρ  ,ϕ  

.z  This choice corresponds to: 
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where the upper index is the line index and the lower index is the column 

one. 
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The square root of the metric tensor determinant is fghlg =  

A solution to the equations (1.1) without torsion is: 

ϕ







++ρ+η=ω

ρ
ρ

ηρ
d

f

f
xx

g
d

f

g
d

g

f

2

10
1.  

( ) ρ







−+η−=ω ρ

ρ
ηϕ dx

f

f
x

h
dxf

h 2

110
2.  

( ) dzx
f

f
x

h
dxf

h

x
h

f z
z









−+ϕ






 −++ ηϕη 2

11
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dz
f

l
d

f

f
xx

l
d

l

f z
z

z η
+ϕ








++η=ω

2

10
3.  

ρ







−+η








−=ω

η
ϕ

ρ
ρ d

f

g
xg

h
d

f

f
xx

gh

f 1

2
1

2.  

ϕ















−+− ρ

ρ
ρ dx

f

f
x

h

x
h

g 2

1
 

dz
g

l
d

l

gz ρ
−ρ=ω1

3.  

ϕ















−++η








−=ω dx

f

f
x

h

x
h

l
dx

f

f
x

hl

f
z

z
zz

z

2

1

2
2

3.  

dzl
f

l
x

h 







−+ ϕ

η1
 

Hypothesis 1. From now on we shall study the equations of motion 

in the static case ( )0=∂η  and assuming azimuthal symmetry ( ).0=∂ϕ  

The Christoffel symbols belong to 3 groups. The first group, named 

G1, contains the elements which are null, the second group, named G2, 

contains the elements which are independent on x  at first order (up to 

( )2xO  terms) and the third one, G3, the elements of which depend on x  

at order 1. 

The groups G2 and G3 correspond, respectively, to the columns 1 and 

2 of Table 1. 

Note. x  is not a parameter. It is a function which is directly linked to 

the angular momentum J  of the source: .~ Jx  By misuse x  will be 

often used as if it were a parameter. 

Table 1 applies also to the Christoffel symbols in the form 

a
bc

a
bc

h
γ

γΓ=Γ
..

~~
 because if a

bγ
Γ

.
~

 is odd (even) in x  then a
bc.

~
Γ  is also odd 
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(even). For instance a
b

a
bc

a
bc f

h
0..00.

~1~~
=γγ

γ
==

Γ=Γ=Γ  and a
bc 2.

~
=

Γ a
bch γ

γ
= Γ=

.2
~

 

.
~~1

0.2.
a
b

a
b fh

x

h =γ=γ
Γ−Γ=  

Table 1. Non zero Christoffel symbols (static case and azimuthal 

symmetry) 

a
bα

Γ
.

~
 independent on x  at first order a

bα
Γ

.
~

 dependent on x  at lowest order 

g

fρ
=Γ0

01.
~

 

l

fz=Γ0
03.

~
 









−−−=Γ ρ

ρρ
x

f

xf

gh

x

g

h

2

~1
22.  

l

gz=Γ1
13.

~
 

g

lρ
−=Γ1

33.
~

 









−+=Γ z

zz x
f

xf

hl

x

l

h

2

~2
23.  









+=Γ

ρ
ρ f

xf
x

g2

1~0
21.  









−=Γ ρ

ρ
x

f

xf

h2

1~0
12.  









−=Γ z

z x
f

xf

h2

1~0
32.  









+=Γ

f

xf
x

l
z

z2

1~0
23.  









−=Γ

ρ
ρ f

xf
x

gh

f

2

~1
02.  









−=Γ z

z x
f

xf

hl

f

2

~2
03.  

2. The Equations of Motion 

The equations of motion are obtained from the gauge invariant 

Lagrangian (2.10) of [1]: 

( ) ab
ab

ba
ab

N

L
Ω∗∧Ωη+ω∧ω∗∧Ω=

β
−

2 a
adV ∑∗∧∑µ+λ+  (2.1) 

with the constraint ,
.

ba
b

aa d ω∧ω+ω=∑  and where a
adV ω∗∧ω=  

and λ  is the cosmological constant. β  is a free gauge coupling parameter  
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and here .4=N  

In [1], the parameters ,η  ,λ  µ  have been set free, but they should be 

linked by: 

 ( )281 β=η                 22β=λ                 1−=µ  (2.2) 

In the following .1−=µ  

The first term of (2.1) is the Einstein-Hilbert Lagrangian =EHL  

.RdV  The second term is .
..

....
cd

ab
ab

cdab
ab RRη=Ω∗∧Ωη  

The terms involving the Christoffel symbols only are separated from 

those involving the contorsion. Please note that, the variable used is the 

contorsion tensor, not the torsion. The curvature tensor becomes: 

e
b

a
e

e
b

a
e

a
b

a
b

a
b

a
b

SSSSSDSDRR
γδδγγδδγγδγδ

−+−+=
........

~~~
 

where D
~

 is the covariant derivative involving the Christoffel symbols 

only. 

We write: 

 a
b

a
b

a
b

KRR
γδγδγδ

+=
...

~
 (2.3) 

where 

 e
b

a
e

e
b

a
e

a
b

a
b

a
b

SSSSSDSDK
γδδγγδδγγδ

−+−=
.......

~~
 (2.4) 

which satisfies the same symmetry relations as the curvature tensor: 

 δγγδγδγδ −=−= abababba KKKK  (2.5) 

The variation of the Lagrangian with respect to the connexion ([1], 

equation (3.11)) leads to: 
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 ( )abcabc
R

gabcabcbac SDSS ψ−
µ

=σ+η−η 4
4

2  (2.6a) 

where 

 da
d

a SS
..

=               bcacababcabc SSS ++=σ  (2.6b) 

abcSψ  is the spin tensor of the matter fields. 

( )ebcdebcda
ed

abcd
d

abcd
d

abcd
d

abc
R KRSKDRDRDD +++==

~~~~
.

 

( )aecdaecdb
ed

KRS ++
~

.
 (2.6c) 

This tensor satisfies the anti-symmetry relation bac
R

abc
R DD −=  as 

expected. abcσ  is totally anti-symmetric, and .8~1 42 cGg πβ=µ  

The equation (2.6c) can be transformed into: 

[ ]εγ
ε

γ
νδ

δν
γ +−+= ababcabcd

d
abc
R SRSDDghRDD .

~~~~~
 

( ) ( )aecdaecdb
ed

ebcdebcda
ed

KRSKRS ++++
~

2
~

2
..

 

[ δ
δ

γδγ
δ

δ
δµ

γµ
γ +++ eba

e
eba

e
abc SDSSSDSDDgh

~~~~ .
..

.
..  

]γ
δ

δγδ
δ −− eba

e
eba

e SDSSSD
~~ .

..
.

..  (2.6d) 

In the second square brackets the first, third and fourth terms can be 

eliminated by using the gauge condition (A.4), but the Lorenz condition 

can not be imposed for all ab  pairs (see Appendix A). The other terms are 

quadratic in the contorsion. The second term of (2.6d) looks like the 

Laplacian of a vector field. 

The variation of the Lagrangian with respect to the fields { }α
ah  ([1], 

equation (3.12)) gives the Einstein equations: 
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( ) ( )ac
b

ca
bc

a
b

a
b

a
b

a
b

SSD
K

KG
..

..

~

2

~
−+λδ−δ−+  

( ) a
bg

eadeda
bed TSSS

.
2µ=−+  (2.7) 

where a
b

a
b

a
b

R
RG δ−=

2

~
~~

..
 is the Einstein tensor obtained with the 

Christoffel symbol only, and .
.
e
cedcd KK =  

The left member of (2.7) is rewritten: 

 a
b

a
b

a
b

QUG
...

~
++  (2.8) 

where a
b

U
.

 represents the terms linear in the contorsion and a
b

Q
.

 the 

terms quadratic in the contorsion: 

 ( )ca
bc

ac
bc

a
b

d
d

ad
bd

a
b

a
b

SDSDSDSDSDU
..

...

~~~~~
−µ+δ+−−=  (2.9) 

If ba =  in a
b

U
.

 (without sum) the first term inside the brackets is null, 

and the second and last term cancel ( ).1−=µ  It remains 

a
a

d
d

a
a SDSDU

~~
. −=  without sum over .a  If ,0=a  we get the 

divergence term of [2] (3.2). 

The quadratic term is: 

aef
bef

efa
bef

ef
b

a
ef

a
eb

ea
b

SSSSSSSSQ +++=−
.....

 

( ) a
b

efd
defe

e SSS δσ+−
2

1
 (2.10) 

γδ
δγ= abcabc

R RDhD
~~~

 is computed for all ,a  ,b  c  with Hypothesis 1. The 

calculation details are not given but the result is: 
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For abc  belonging to ,1G  .0
~

=abc
RD  

For abc  belonging to ,2G  abc
RD

~
 is even with respect to .x  

For abc  belonging to ,3G  abc
RD

~
 is odd with respect to .x  

In [1], we obtained, in the case of the Schwarzchild metric and the 

Lense-Thirring metric: .0
~~

=abcd
dRD  There is no contradiction with the 

above result if we make the additional assumption that the gravitational 

field is described by these metrics. The above classification motivates the 

following working hypothesis [2]: 

Hypothesis 2. The contorsion tensor a
b

S
γ.

 are grouped like the 

Christoffel symbols a
bγ

Γ
.

~
 or, equivalently, the connexion coefficients are 

grouped like the Christoffel symbols. 

As suggested in [2], we shall assume that the components ( )abc  

belonging to the first column of Table 1 are even in ,x  and those 

belonging to the second one are odd in .x  For instance, this means that 

0
10.S  is even in .x  

It is easy but long to check that all the equations are consistent with 

this hypothesis, that is to say that all the non zero terms in a given 

equation have all the same parity. 

The direct consequence is that: 

 abcd
d

abc
K KDD

~~
=  falls in the same groups as abc

RD
~

 (2.11) 

The same result holds also for ( ) .
~~~

..
aecdb

ed
ebcda

ed
abc

RSRSRS +=  

Hypothesis 2 brings important simplifications to the equation system 

(2.6), (2.7). First we have: 020 == SS  and if: ( ) 1G∈abc  then 
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.0=σabc  If ( ) 0
~

:1G =∈ abc
RDabc  and ,0

~
=abc

KD  then the 12 equations 

(2.6a) are identically satisfied provided that the source terms ψS  for 

these indices are null. Therefore it remains 12 equations of type (2.6) and 

12 unknown contorsion terms for ( ) 3G,2G∈abc  which are studied in 

Sections 3 and 4. 

Despite Hypotheses 1 and 2 the equations of motion remain very 

complicated. They depend on two main parameters, the mass of the 

source and an angular momentum for the function x  like for the Kerr 

metric [5], [6]. There are other parameters like those describing the shape 

of the source but they will be ignored. In the following, although the 

function x  (and its derivatives) is not a parameter, we shall separate the 

terms according to their degree: terms independent on ,x  depending on 

x  at first degree etc. x  will be assumed to be small enough to allow 

developments with respect to it. When the term “lowest order” will be 

used it means that gµ  times the mass of the source is small and that x  is 

small enough too. In the following the parameter gµ  times the mass of 

the source is called .α  

The expressions of a
b

G
~

 given in Appendix B show that if ,ab =  the 

explicit dependence on x  is even and that 0
2

~ =
=

a
b

G  depends explicitly on x  

only “linearly”. We can get consistent equations if ,f  ,g  ,h  l  depend on 

x  by even degree terms, like for the Kerr metric. 

In [4], we have shown that isotropic coordinates are very convenient 

and we have used them in [2] although this is wrong, because, due to the 

source rotation the problem is no longer isotropic. However, at lowest 

order (as defined previously), it is possible to assume ,gl ≃  ,gh ρ≃  

which simplifies the equations. 

In the rest of this text and in order to avoid any confusion when the 
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indices are numbers instead of letters we write: .
~

γ
γ= abcabc ShS  

3. The Contorsion Equations 

When the indices of the triplet abc  are all different, equations (2.6) 

are written 

abcd
Qd

abcd
Cd

abcd
dg

abc KDKDRD
~~~~

8 ++=µσ  

( ) ( ) abcaecdaecdb
ed

ebcdebcda
ed

SKRSKRS ψ−++++ 4
~~~~

..
 (3.1) 

For ,3G∈abc  these equations are at lowest order. 

1202
120120120

2120 4
~~1~

8 ψρρρ −∂+∂
ρ

+∂=µσ SgSSSg zzg  

02012012012
2012 ~~1~

8 L
g

SSSg zzg ρ
+∂+∂

ρ
+∂=µσ ρρρ  

( ) ( ) 0122
0230210122

4
~

1
~~2

ψ−∂−++
ρ

− SgS
l

g
SS z  

201201201
2201 ~~1~

8 SSSg zzg ∂+∂
ρ

+∂=µσ ρρρ  

The sum of these three equations is: 

120120120 4
1

24 ψρρρ σ−σ





 ∂+∂

ρ
+∂=µσ zzg  

( ) ( )3
02

1
xOOL +α+








ρ
+∂+ ρ  (3.2) 

where (appendix A) at lowest order: 

( ) .
~~~1~ 023

021012
021

02 SSSSL z∂++
ρ

+∂= ρ  
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The other components are: 

2302
2302230230230

2230 4
~1~~1~

8 ψρρρ −
ρ

−∂+∂
ρ

+∂=µσ SgSSSSg zzg  

( )3022
30223023023022

302 4
~1~~1~1

8 ψρρρ −
ρ

−∂+∂
ρ

+∂=µσ SgSSSS
g

zzg  

( ( ) )0232
0202320230230232

023 4
~1~~1~1

8 ψρρρ −∂−
ρ

−∂+∂
ρ

+∂=µσ SggLSSSS
g

zzzg
 

and the sum of these three equations is: 

( ) 230230230 4
1

24 ψρρρ σ−σ∂+∂
ρ

+∂=µσ zzg  

( ) ( )3
02 xOOLz +α+∂+  (3.3) 

Note that the contribution abcd
dRD

~~
 in (3.2) and (3.3) is: 

( )bcadcabdabcd
d RRRD

~~~~
++  which is null, thanks to the Bianchi 

identities of the first kind. 

The equations (3.2) and (3.3) are not decoupled because of the term 

.02L  If the source terms { } ,03G =∈
ψ
abcS  then at lowest order: 

{ } .0
~ 3G =∈abcS  

Equations (2.6) for ca =  give: 

deb
a

a
ed

bd
Qd

bd
Cd

bd
dg

b RSKDKDRDS .
...

~~~~~
12 +++=µ  

ab
a

edb
ed

deb
a

a
ed

edb
ed

SKSKSRS ...
.

....
4

~
ψ−+++  (3.4) 

The first term on the right is .2
~~

2

~
~~~~ bd

d
bdbd

d
bd

d RD
R

GDRD η=







η+=  
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The calculations show that the quadratic terms in x  come from terms 

of the type: { } ,
~ 2G∈abcS  { } { } 3G3G ~~ ∈∈ ⊗ abcabc SS  and { } .

~ 3G xS abc ⊗∈  

If we take as an example a spinor field, then 0=ψ
abaS  and the source 

terms for bS  come from the other terms. All the terms are even in .x  

It was shown in [1], for the Schwarzchild and Lense-Thirring metrics 

which are solutions of the equations without torsion, that: .0
~~

=abcd
dRD  

Therefore, if ,0=ψ
abcS  then { } 0

~ 3G =∈abcS  is a solution of equations 

(3.1), (3.2), (3.3). As a consequence, { } 0
~ 2G =∈abcS  at order 2x  included, 

and, in the limit of weak fields, if ,0=ψ
abcS  the contorsion is null. 

4. The Einstein Equations 

As said at the end of Section 2, 0
2

~ =
=

a
b

G  provides an equation for .x  

With (2.9) we have: 

 200
2

0
2.

~~ d
d

a
b

DSDU σ+−==
=

 (4.1) 

where: .
~~ 0

2.
0

2
0

2
e

e SSSD Γ+∂=  

From Section 2: 020 == SS  and: ( ),~, 231 xOSS  therefore: 

( )3200
2.

~
xODU d

d
a
b

+σ==
=

             ( )3200
2.

~
xOD

f

h
U d

d +σ==α
=β  

where, without any hypothesis about the value of :α  

 
02302120 11~

σ







+∂−σ








+∂−=σ

ρ
ρ g

g

ll

l

g
D z

z
d

d  (4.2) 

Neglecting the contorsion quadratic terms (2.10) and keeping only the 
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terms of order 0  in α  and order 1  in x  the Einstein equation for 0
2.

=α
=βG  

is: 

 0
2.

20

2

~1

2

1 =α
=βρρρ µ=σ+







 +

ρ
− TD

f

h
xxx

g
g

d
dzz  (4.3) 

The term in the brackets looks like the Euclidean Laplacian except for the 

sign of the second term. Setting: Yx ρ∂ρ=  we get: 

Yxxx Ezz ∆∂ρ=






 +

ρ
− ρρρρ

1
 

where E∆  means the Euclidean Laplacian. 

The Energy-Momentum tensor component 0
2.

=α
=βT  is associated to the 

local matter momentum ϕp  or equivalently: .20
2.

==α
=β −= chpT  

Let us assume that the source is a classical non relativistic matter 

body uniformly rotating around the Oz  axis and that: ρω== dpc 2  where 

d  is the matter density and ω  is the angular rotation speed. In weak 

field situation (parameter α  small) ,1,, ≃hgf  we then have: =∆∂ρ YE  

.2 ρωµ dg  Far from the source we obtain: rLY gµ−=  where L  is the 

angular momentum of the source and r  is the Euclidean distance from 

the origin of the coordinates. Then: 

 32 rLx g ρµ=  (4.4) 

This term looks like the cross term of the Kerr metric but the comparison 

requires to be careful with the meaning of the coordinates. It is valid only 

in the limit 0→α  and x  small. 

Now we look at the other source term in equation (4.3), and consider 

the equation: 
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20

2

~

2

1 d
dE D

f

h
Y

g
σ−=∆∂ρ ρ  

From (4.2), neglecting the term of order α  we have: 

02302120 11~
σ∂−σ∂−=σ ρ z

d
d lg

D  

abcσ  is totally antisymmetric then 021σ can be replaced by .120σ−  If we 

can neglect the contribution of 023σ  (at least far from the source) then: 

1202σ−=∆ YE   therefore:  dV
r

Y ∫ σ
π

1202
4

1
~  

Equation (3.2) is an equation of the form: b−σ∆=τσ  where: 

02
120 1

4 Lb 







ρ
+∂−σ= ρψ  and where .124 >>µ=τ g  

When τ  is very large the solution of such an equation is 

approximately a contact term, and the solution is b−τσ ≃  then: 

dVLdVdV
g

g 02
120120 1

4
6 ∫∫∫ 








ρ
+∂

µ
+σµ−σ ρψ≃  

where ( ) EdVdzddfghldV ~ϕρρ=  when 0→α  and EdV  is the 

Euclidean volume element. Integrating by part, the last part of this 

equation becomes [ ]02Lρ  which is assumed to be negligible far from the 

source. Then: 

dVdV g ∫∫ ψσµ−σ 1201206 ≃  

We assume now that the matter field is a superimposition of spinor fields, 

then abcSψ  is cyclic and we have: 

dVSdV g ∫∫ ψµ−σ
120120 ~

2

1
≃  
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dVS
r

Y g ∫ ψµ
π

−
120~

4

1
~  

Adding the angular momentum (4.4) and spin contributions gives: 







 +µ

ρ

π
− ∫ ψ dVSL

rr
x g

120

2

2 ~

4

1
~  

which shows that in the limit 0→α  and x  small, the angular 

momentum in the crossed term of the Lense-Thirring and Ker metrics is 

the sum of the rotation angular momentum and the spin of the source, as 

expected. 

As said at the end of Section 2, the correction to the metric 

coefficients lhgf ,,,  are of order 2x  and possibly more. 

In the Einstein equations, the terms a
aU  contributes to the metric 

coefficients at order 2x  since cbcS
~

 is even in .x  For instance: i
iSDU

~0
0 =  

where ,0≠i  involves 1S  and 3S  which are given by equation (3.4). It 

results that, because gµ  is small, that 0
0U  is of order gαµ  or less, and 

will be neglected. 

Conclusion. For weak fields and far from the source, the solution of 

the equations is given by the Kerr metric whose angular momentum 

parameter is the sum of the rotation angular momentum plus intrinsic 

spin, as expected. 

5. Extending the Algebra 

In [1], we used the algebra formed by the Dirac matrices aγ  and the 

rotation operators [ ]baabR γγ= ,
4

1
 to build the gauge theory 

Lagrangian (2.1). This allowed to introduce the Einstein-Hilbert gravity 
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Lagrangian naturally. In this section, this algebra is enlarged, 

introducing new fields. 

We define: haaah γγγ=γ ...21  where: ....21 haaa <<<  If the 

space-time dimension n  is even ( ) 0=γhTr  whatever ,h  and hγ  plus the 

unit matrix form a basis. We call .... 110 −γγγ=γ nD  In the case ,4=n  

Dγ  is usually called .5γ  

In the rest of this note, the space-time dimension n  is assumed to be 

even, and we have: 0=γγ+γγ aDDa  and: ( ) ( ) .1
22
I

nD −−=γ  

Now we consider the set: ,aγ  ,abR  ,Dγ  ,aDR  ( )nba <,  where: 

[ ]baabR γγ= ,
4

1
      and:      [ ] DaDaaDR γγ=γγ=

2

1
,

4

1
 

The new elements satisfy the following relations: 

[ ] DabbDa R γη=γ ,                  [ ] 0, =γ abD R  

[ ] bDcaaDcbcDab RRR η−η=γ ,  

[ ] aDDaDD R γη−=γ ,              [ ] abbDaD RRR =,  (5.1) 

This is an extension of the algebra (2.1) of [1] where we define: 

0=ηaD  if na <  and ( ) .1
2nDD −−=η  

The trace formulae (2.9) of [1] can be extended to Dγ  and .aDR  The 

following properties are used to construct a Lagrangian as in [1]: 

( ) 0=γγ DaTr        ( ) DDDD NTr η=γγ        ( ) 0=γcaDRTr  

( ) 0=cDabRRTr        ( ) ( ) abnbDaD N
RRTr η−= 2

1
4

 (5.2) 
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where N  is the dimension of the Dirac matrix representation. 

From now on we shall consider only the case .4=n  We can proceed 

like in [1] and define the gauge field: 

5
5

5
52 γβω+αω+γβω+αω= a

a
a

a
ab

ab RRW  

As usual, gauge transformations will be of the form: 

dSSWSSW 11 −− +=′  where for infinitesimal transformations: 

5
5

5
5 2 c

c
ab

ab
a

a RiRiIS ε+γε+ε+γε+=  

The gauge field transforms as: 

( ) 5
555

5
5

5
5 2

22 γ



 ε+ωαε−ωβε+αω+γβω+′=′ d

i
iRWW c

cc
c

c
cA  

( ) ( ) cD
ce

e
cec

e
cc Rdi 



 ε+εω−εωα+ωε−ωεβ+ 55.5.55 2

1
4  

[ ] ef
fe

f
ff Ri 555555 422 εαω+γεω−εβω+  (5.3) 

where AW ′  is given by (A.1). 

α
α=ω dxh55  appears as a pseudo coordinate, and we would like to get 

rid of it, which means cancelling the factor of 5γ  in (5.3) by using 

successive infinitesimal gauge transformations. 05 =ω  represents 4 

constraints .05 =αh  We require also that there is no contribution from 

the last bracket whatever the index ,f  which can be achieved if .05 =ε  

We then have 5 constraints and five parameters ( ).and 55 εεc  There is no 

degree of freedom left. 

The Lagrangian is obtained as usual by defining: WWdWG ∧+=  

and ( ).GGTrL ∗∧=  
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In order to lighten the notations we write: a
acccB ωω=ω= 55  

a
caB ω=  (note the place of indices), and: 

 43210 LLLLLL ++++=  (5.4) 

where 0L  is the Lagrangien (2.1) and the other components are: 

g
fcxg

f
u

xuc
xu

xux
x SBBFBFFdVL

.
..

1 4
2

1
ω−ω+= αβ

βααβ
αβ  

( )ucydcduey
e

x
udxyc BBBB −ηωω+ ..

 

where αββααβ ∂−∂= xxx BBF  

bfae
abef BBRdVL −=2  

( )hffh
fh BBBdVL −β−= 2

3 4  

( )fkelflek
flek BBBBBBdVL −−=

2

1
4  

The Lagrangian (2.1) has been extended to 4 more vector fields: .aB  

The only gauge freedom left is the mobile frame rotation invariance. The 

field eaB  can be seen alternatively as a symmetric field with 10 

components plus an antisymmetric field with 6 components. 

The quadratic terms which are supposed to represent the mass terms 

show that there are no fixed mass terms, and as in [3], one could consider 

masses as effective fields. The potential term 4L  is quartic. 

We can separate the trace: a
aBD .=  and write: 

eaeaea CDB +η=  (5.5a) 

eabebabeaaebeab CdCdDdDdF −+η−η=  (5.5b) 
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with eabebaeab CdCdF −=′  we obtain: 

eab
eab

eab
aeb

a
a

eab
eab FFFDDDFF ′′+′η+= 46  

where .DdD aa =  The first term on the right being the Lagrangian of a 

scalar field. 

How are these new fields coupled to matter fields? Here we consider 

only spinor fields (quark stars?) but other fields like strong 

electromagnetic fields should also be considered. Coupling terms must 

respect mobile frame rotation invariance and parity conservation. A first 

set of minimal coupling invariants (with respect to mobile frame rotation) 

is .~ ψγγψ ae
eaC BL  

With eaeaae γ+η=γγ  where [ ]aeea γγ=γ ,
2

1
 we have two possible 

coupling terms: ,11 ψηψµ= ea
eaC BL  .22 ψγψµ= ea

eaC BL  

The Lagrangian is required to be real. This implies that 1µ  is real 

and 2µ  is imaginary. We could also have considered: 

ψγηψµ= 5
33

ea
eaC BL                         ψγγψµ= 5

44
ea

eaC BL  

These coupling terms are real if 3µ  is real and 4µ  is imaginary. 

With the introduction of 5γ  arises the problem of parity conservation. 

Here we define Parity locally as an operation which keep the time 

direction defined by 0h  and reverse the direction of the vectors 

orthogonal to it. The parity operator acting on a spinor is, as in the 

Minkowski case, .0γ=P  

If we impose Parity conservation only 1CL  and 2CL  remain. 

It is possible to introduce other coupling terms. Let us consider the 
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Lagrangian of a spinor field: ( ),..chiDhL a
a +ψψγ= α
α

ψ  where 

;4dc
cdD γγΓ+ψ∂=ψ ααα  and ..ch  means hermitic conjugate. 

From it we deduce the Energy-Momentum tensor: =ψα
aT  

( )..
2

1
chiDa +ψγψ α  and the spin tensor: ( ψγγγψ= αα

ψ
bac

c
ab h

i
S

8
 

).ψγγγψ+ cba  

Now we can read the Lagrangian, a posteriori, as: a
aThL ψα
α

ψ =  and 

the coupling to the connexion as: .α
ψαΓ cd

cd S  By analogy we could consider 

couplings like: α
ψα′ cd

cd SF  where eabF ′  is given by (5.5). Using the 

symmetry properties of the spin tensor of a spinor field, one can show 

that the symmetric part of ebC  is not coupled to .α
ψ
cdS  Other minimal 

couplings are possible. For instance, coupling to the matter current: 

ψγψ a
aDd   or coupling to the Energy-Momentum tensor. Which part of 

the field eaB  plays a role depends on the matter coupling. 

Appendix A. Gauge Freedom 

In [1], we introduced the gauge field: a
a

ab
abRW γβω+αω=  where 

aγ  represents the Dirac matrices and abR  represents the generators of 

the rotation group (not the Ricci tensor in this appendix). 

The gauge field W  transforms as: dSSWSSW 11 −− +=′  where, for 

infinitesimal transformations: ,ab
ab

a
a RiIS ε+γε+=  ,baab ε−=ε  

.1, <<εε aba  One has at first order: 

[ ] [ ] [ ]ea
ea

efab
efab

eab
eab iRRRiWW γγεβω+εαω+γεαω+=′ ,,,  

[ ] ef
ef

e
e

efa
efa RdidR ε+γε+γεβω+ ,  (A.1) 
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then, with the algebra ([1], (2.1)): 

( )e
e
ae

e
aa

e
ae

e
eaaa d

i
εαω−εαω+ε

β
+ωε−ωε+ω=ω′ ..  

and with :
2

1
=α  

a
e

ae
e

eaaa D
i

ε
β

+ωε−ωε+ω=ω′  (A.2) 

[ ] ( )baabeb
e
aae

e
bababab id ωε−ωεβ+εω−εω−ε+ω=ω′ 2..

 (A.3) 

In 4 dimensions the total number of parameters is ,64 +  but the 1-

form aω  are fixed by the choice (1.8). Requiring, that after an 

infinitesimal gauge transformation, 0ω  and iω  keep their form, which 

means that iω′  does not depend on ηd  and 0ω′  does not depend on ρd  

nor dz  leads to the conditions: 

0030120 =ε=ε=ε=ε  

and:  ( ) 02 3
3

0.21
1

0.20
0

0.2202 =εω+εω+εω+ε
β

+ε ηd
i

f  

Then, after a infinitesimal transformation one wants that the spatial iω  

keep their form, that is: ,~1 ρω′ d  ,~2 ϕω′ d  .~3 dzω′  This is possible 

if: 02312 =ε=ε  and 13ε  is linked to 1ε  and 3ε  by the two constraints: 

( )3
1

33.1132 εω+ε∂
β

−=ε z
i

l                ( )11
3

11.3132 εω+ε∂
β

=ε ρ
i

g  

The infinitesimal gauge transformations satisfying the 9 above 

constraints keeps the form of (1.8) and the classification of Table 1. 

Therefore it remains only one degree of freedom out of 10. By analogy 

with the Lorenz condition for electromagnetism (the pair ( )ab  represents 
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the rotation group indices), we would like to have: 

 0
~

=δ
δ

abSD  (A.4) 

With Hypothesis 2 in Section 2 and Table 1, one obtains: 0
~

=δ
δ

abSD  

for ( ) ( ) ( ) ( ) ( ).3,2,2,1,3,0,1,0, =ba  With ,hh ρ=  the two other 

components are: 

( )12002102102102 ~~~1~~
SS

f

f
SSSDg ++

ρ
+∂=

ρ
ρ

δ
δ  

023012021 ~~1~
S

l

g
S

h

h
S

l

l

h

h
z∂+















ρ
++














++

ρρρ
 

( )320023023 ~~~
SS

f

f

l

g
S

h

h

g

g

l

g zzz ++







++  

( )010122032 ~~

2

1~
SS

f

f
xx

h
S

h

h

l

g z −







−++

ρ
ρ  

( )030322 ~~

2

1
SS

f

f
xx

l

g

h
z

z −







−+  (A.5) 

31313113113 ~1~1~1~
S

l
S

l

l

h

h

f

f

g
S

g
SD z∂−








+++∂=

ρρρ
ρ

δ
δ  

030313 ~1~1
S

f

f

g
S

g

g

h

h

f

f

l
zzz ρ

+







++−  

( ) 010232230032 ~1~1~~

2

1
S

f

f

l
S

h

h

g
SS

f

f
xx

gh
z−−+








−+

ρρ
ρ  

( ) 212120102 ~1~~

2

1
S

h

h

l
SS

f

f
xx

lh
zz

z ++







−+  (A.6) 

The remaining degree of freedom can be used to set: 
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 0
~ 13 =δ

δSD  (A.7) 

As a consequence, the components δ
δ= 02

02
~

SDL  can not be set to 0  

except in particular cases. 

The above expressions are internally consistent as far as the parity of 

the components δabS  with respect to x  is concerned. 

Appendix B. Einstein Tensor 

Assuming time independence and axial symmetry, the Einstein 

tensor components used in this note are, without any approximation: 
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2

224

1
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f

f
xx
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z
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