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Abstract 

The (linearized) quantum Rindler space-times associated with generalized twist-

deformed Minkowski spaces are provided. The corresponding corrections to the 

Hawking spectra linear in deformation parameters are derived. 

1. Introduction 

Presently, it is well known that there exists the deep (and extraordinary) relation 

between horizons of black hole and thermodynamics. Already in early 1970s this was 

observed by Bekenstein (see [1]), that laws of black hole dynamics (especially the 

second one) can be given thermodynamical interpretation, if one identifies entropy 

with the area of black hole horizon and temperature with its “surface gravity”. Such 

an observation has been confirmed by Hawking in his two seminal articles [2] and 

[3], in which, it was predicted that a black hole should radiate with a temperature 

 ,
2HoleBlack kc

g
T

π
=
�

 (1) 

where g denotes the gravitational acceleration at the surface of the black hole, k is 

Boltzman’s constant, and c is the speed of light. Subsequently, it was shown 

separately by Davies [4] and Unruh [5], that uniformly accelerated observer in 
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vacuum detects a radiation (a thermal field) with the same temperature as HoleBlackT  

 ,
2Vacuum kc

a
T

π
=
�

 (2) 

but with inserted acceleration of the detector a. Formally, such an observer “lives” in 

so-called Rindler space-time [6], which can be obtained by the following 

transformation from Minkowski space with coordinates ( )3210 ,,, xxxx
1
 

( ) ( ),sinh 010 azzNx =  (3) 

( ) ( ),cosh 011 azzNx =  (4) 

,22 zx =  (5) 

,33 zx =  (6) 

where N is a positive function of the coordinate. The Minkowski metric 2
0

2 dxds −=  

23

1 ii
dx∑ =

+  transforms to 

 ( ) ( ) ( ) .2
3

2
2

2
11

22
01

22 dzdzdzzNdzzaNds ++′+−=  (7) 

Recently, in the papers [7] and [8], there was proposed the noncommutative 

counterpart of Rindler space - so-called (linearized) -κ Rindler space and twist-

deformed Rindler spacetime, respectively. First of them is associated with the well-

known -κ deformed Minkowski space [9], [10]
2
, while the second one with twisted 

canonical, Lie-algebraic and quadratic quantum Minkowski space-time. Further, 

following the content of the papers [1-5] (see also [11, 12]), there have been found 

corrections to the Hawking thermal spectrum linear in deformation parameter, which 

are detected by (noncommutative and uniformly accelerated) -κ  as well as twist-

deformed Rindler observers. 

The suggestion to use noncommutative coordinates goes back to Heisenberg and 

was firstly formalized by Snyder in [13]. Recently, however, the interest in space-

time noncommutativity is growing rapidly. Such a situation follows from many 

                                                           
1

.1=c  
2

κ  denotes the mass-like parameter identified with Planck’s mass. 
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phenomenological suggestions, which state that relativistic space-time symmetries 

should be modified (deformed) at Planck scale, while the classical Poincare 

invariance still remains valid at larger distances [14-17]. Besides, there have been 

found formal arguments, based mainly on Quantum Gravity [18, 19] and String 

Theory models [20, 21], indicating that space-time at Planck-length should be 

noncommutative, i.e., it should have a quantum nature. 

At present, in accordance with the Hopf-algebraic classification of all 

deformations of relativistic and nonrelativistic symmetries [22, 23], one can 

distinguish three kinds of quantum spaces. First of them corresponds to the well-

known canonical type of noncommutativity 

 [ ] ,ˆ,ˆ νµνµ θ= ixx  (8) 

with antisymmetric constant tensor .νµθ  Its relativistic and nonrelativistic Hopf-

algebraic counterparts have been proposed in [24] and [25], respectively. 

The second kind of mentioned deformations introduces the Lie-algebraic type of 

spacetime noncommutativity 

 [ ] ,ˆˆ,ˆ ρ
ρ
µννµ θ= xixx  (9) 

with particularly chosen coefficients 
ρ
µνθ being constants. The corresponding 

Poincare quantum groups have been introduced in [26-29], while the suitable Galilei 

algebras in [30] and [25]. 

The last kind of quantum space, so-called quadratic type of noncommutativity 

 [ ] const.,;ˆˆˆ,ˆ =θθ= ρτ
µντρ

ρτ
µννµ xxixx  (10) 

has been proposed in [31], [32] and [29] at relativistic and in [33] at nonrelativistic 

level. 

Recently, there was considered the new type of quantum space - so-called 

generalized quantum space-time 

 [ ] ,ˆˆ,ˆ ρ
ρ
µννµνµ θ+θ= xiixx  (11) 

which combines canonical type with the Lie-algebraic kind of space-time 

noncommutativity. Its Hopf-algebraic realization has been proposed in [34-36] in the 

case of relativistic symmetry and in [36] for its nonrelativistic counterpart. 
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In this article, following the scheme proposed in [7] and [8], we provide the 

noncommutative counterparts of Rindler space-time, associated with generalized 

twist-deformed Poincare Hopf algebras [36] (see space-time (11)). Further, we 

investigate the gravito-thermodynamical radiation detected by such generalized twist-

deformed Rindler observers in the vacuum, i.e., we find the thermal (Hawking) 

spectra for twisted space-time (11). Particularly, for parameter 
ρ
µνθ  approaching 

zero, we get the thermal spectra for canonical space-time (8) derived in [8]. 

The paper is organized as follows. In Section 1, we recall the basic facts 

concerning the generalized twist-deformed Poincare Hopf algebras and the 

corresponding quantum space-times [36]. The second section is devoted to the 

generalized Rindler spaces, obtained from their noncommutative Minkowski 

counterparts. The deformed Hawking radiation spectra detected by twisted Rindler 

observers are derived in Section 3. The final remarks are discussed in the last section. 

2. Generalized Twist-deformed Minkowski Spaces and the Corresponding 

Poincare Hopf Structures 

In this section, following the paper [36], we recall basic facts related with the 

generalized twist-deformed relativistic symmetries and corresponding quantum 

space-times. 

In accordance with the general twist procedure [37-40], the algebraic sectors of 

all discussed below Hopf structures remain undeformed ( ( ))+++−=ηµν ,,,  

 

[ ] ( )

[ ] ( ) [ ] ,0,,,

,,

=η−η=

η−η+η−η=

νµνρµµνρρµν

νσµρµσνρρµνσνρµσρσµν

PPPPiPM

MMMMiMM

 (12) 

while the coproducts and antipodes transform as follows 

 ( ) ( ) ( ) ( ) ( ) ,...,... 1
0

1
00

−− =∆=∆→∆ uaSuaSaaa FF ��  (13) 

where ( ) ,110 aaa ⊗+⊗=∆  ( ) aaS −=0  and ( ) ( ( ) )201. fSfu ∑=  (we  use 

Sweedler’s notation ( ) ( ) ).. 21 ff ⊗= ∑F  Present in the above formula the twist 

element ( ) ( )PUPUF ... ⊗∈  satisfies the classical cocycle condition 

 ( ) ( ) .,1..1012. 023 FFFF ∆⊗⋅=⊗∆⋅  (14) 
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and the normalization condition 

 ( ) ( ) 1.1.1 =ε⊗=⊗ε FF  (15) 

with 1.12. ⊗= FF  and ..1.23 FF ⊗=  

Corresponding to the above Hopf structure space-time is defined as quantum 

representation space (Hopf module) for quantum Poincare algebra, with action of the 

deformed symmetry generators satisfying suitably deformed Leibnitz rules [41, 42, 

24]. The action of Poincare algebra on its Hopf module of functions depending on 

space-time coordinates µx  is given by 

 ( ) ( ) ( ) ( ) ( ),, xfxxixfMxfixfP µννµµνµµ ∂−∂=∂= ��  (16) 

while the .∗ -multiplication of arbitrary two functions is defined as follows 

 ( ) ( ) ( ( ) ( ))..:. 1 xgxfxgxf ⊗ω=∗ −
�� F�  (17) 

In the above formula .F� denotes twist factor in the differential representation 

(16) and ( ) .baba ⋅=⊗ω �  

In the article [36], there have been considered three (all possible) types of 

Abelian and generalized twist factors ( )abbaba ⊗−⊗=∧ 3
: 

(i) ,
2

1
exp 0, 



 ∧θ+∧

κ
=κθ lkklik PPMPi

kl
F  (18) 

(ii) 




 ∧θ+∧

κ
=κθ iikl PPMPi

i 000ˆ, ˆ2

1
exp

0
F  (19) 

and 

(iii) ,
2

1
exp 00,0 



 ∧θ+∧

κ
=κθ iikli PPMPi

i
F  (20) 

leading to the following generalized quantum space-times (see (11)): 

(i) [ ] ,, ,*0 akia x
i

xx
kl

δ
κ

=κθ  (21) 

                                                           
3
Indices k, l are fixed and different than i. 
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[ ] ( ) ( ),2, 0,* ibkakbiabkalblakklba x
i

ixx
kl

δδ−δδ
κ

+δδ−δδθ=κθ  

(ii) [ ] ( ) ,2
ˆ

, 0ˆ,*0 0 iailkaklaa ixx
i

xx
i

δθ+δ−δ
κ

=κθ  

[ ] 0, ˆ,* 0
=κθ iba xx  (22) 

and 

(iii) [ ] ,2, 0,*0 0 iaia ixx
i

δθ=κθ  

[ ] ( ) ( ),, ,* 0 lkbklbiaklalkaibba xx
i

xx
i

xx
i

δ−δδ
κ

+δ−δδ
κ

=κθ  (23) 

respectively, with star product given by the formula (17). 

The corresponding Poincare Hopf structures have been provided in [36] as well. 

However, due to their complicated form, in this article, we recall as an example only 

one Poincare Hopf algebra, associated with first twist factor (18). In accordance with 

mentioned above twist procedure its algebraic sector remains classical (see formula 

(12)), while the coproducts take the form (see formula (13)) 

( ) ( ) ( )iik PPPPP
kl µµµµκθ η−η∧








κ
+∆=∆ 000, 2

1
sinh  

( ),1
2

1
cosh 00 PPP iik µµ η−η⊥






 −








κ
+  (24) 

( ) ( ) ( )µννµµνµνκθ η−η∧
κ

+∆=∆ PPMMM kkikl 00, 2

1
 

[ ] 







κ
∧+ νµ ki PMMi

2

1
sinh, 0  

[ ][ ] 





 −








κ
⊥− νµ 1

2

1
cosh,, 00 kii PMMM  

( )00 2

1
sinh

2

1
PPPM kikki χ−ψ⊥








κκ
+  (25) 

( ) 





 −








κ
∧χ−ψ

κ
− 1

2

1
cosh

2

1
00 kiikk PMPP  

( ) ( )[ ]µννµµννµ η−η⊗+⊗η−ηθ− PPPPPP llklkk
kl
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( ) ( )[ ]µννµµννµ η−η⊗+⊗η−ηθ+ PPPPPP kklkll
kl

 

[ ][ ] lkkikl PPPMM 







κ
⊥θ+ νµ 2

1
sinh,, 0  

[ ][ ] kklivkl PP
k

PMM 





⊥θ− µ 2

1
sinh,, 0  

[ ][ ][ ] lkkiikl PPPMMMi 





 −








κ
∧θ+ µν 1

2

1
cos,,, 00  

[ ][ ][ ] ,1
2

1
cosh,,, 00 kkliikl PPPMMMi 






 −








κ
∧θ− µν  

with ,abbaba ⊗+⊗=⊥  ljilij ηγη−ηγη=γψ  and .kjikijy ηγη−ηγη=χ  

The two remaining Hopf structures corresponding to the twist factors (19) and (20) 

look similar to the coproducts (24) and (25). 

Of course, if parameter µνθ  goes to zero and parameters ,κ κ̂  and κ  approach 

infinity, the above space-times and corresponding Hopf structures become 

undeformed. Besides, for fixed (different than zero) parameters klθ  and i0θ  and 

parameters ,κ  κ̂  and κ  approaching infinity, we get twisted canonical Minkowski 

space provided in [24]. Moreover, for parameters klθ  and i0θ  running to zero, and 

fixed parameters ,κ  κ̂  and ,κ  we recover the Lie-algebraically deformed relativistic 

spaces introduced in [28] and [29]. 

3. Generalized Twist-deformed Rindler Space-times 

Let us now find the twisted Rindler spaces associated with the generalized 

Minkowski space-times provided in pervious section. In this aim, we proceed with 

the algorithm proposed in [7] and [8] for -κ  and twist-deformed Minkowski space-

times, respectively. 

We define such (Rindler) space-times as the quantum spaces with 

noncommutativity given by the proper -∗ multiplications. This new 

-∗ multiplications are defined by the new -Z factors, which can be obtained from 

relativistic twist factors (18)-(20) as follows: 
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(i) Firstly, we take the standard transformation rules from commutative 

Minkowski space (described by µx  variables) to the accelerated and commutative as 

well (Rindler) space-time ( )µz  [6] 

( ),sinh 010 azzx =  (26) 

( ),cosh 011 azzx =  (27) 

,22 zx =  (28) 

,33 zx =  (29) 

where a denotes the acceleration parameter, i.e., we have chosen function 

( ) 11 zzN =  in formulas (3)-(6). 

(ii) Further, we rewrite the Minkowski twist factors (18)-(20) (depending on 

commutative µx  variables and defining the -∗ multiplication (17)) in terms of µz  

variables. 

In such a way, we get three following -Z factors and the corresponding Rindler 

quantum spaces: 

(i) Rindler space-time associated with twisted relativistic space (i) (see formula 

(21)). 

In such a case, due to the transformation rules (26)-(29)
4
, the proper 

-* , κθkl
product takes the form 

( ) ( ) ( ( ) ( )),: 1
,, zgzfzgzf

klkl
⊗ω=∗ −

κθκθ �� Z  (30) 

where 

( ( )
klkl

zklzzzlk zzfi ∂θδ+∂∧∂∂θδ−=−
κθ 1110111

1
, 10

,,,expZ  

                                                           
4One can find, that ( ) ( )( )( )

010 100 coshsinh zzx azazaz ∂+∂−=∂  and ( ( )
11 0cosh zx az ∂=∂  

( )( ) ).sinh
010 zazaz ∂−  
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( )
233210 32232332101 ,,, zzlkzzlkzzzzf ∂∧∂θδδ+∂∧∂θδδ+∂∂∧  

( ) ( ) ( )( )
izzzizzk zzgzzfzzzf ∂−∂∂∧∂∂δ

κ
+ 1001001011 ,,,,,,,

2

1
1010

 

( ( ) ( )
10

,,,,
2

1
1001011 zzzi zzfzzg

k
∂∂∧∂δ

κ
+  

( ) ( ))
10

,,,, 101100 zzzzfzzg ∂∂−  

( ) ( )( )
3102 100100332 ,,,,

2

1
zzzzik zzgzzfz ∂−∂∂∧∂δδ

κ
+  

( ) ( )( )
2103 100100223 ,,,,

2

1
zzzzik zzgzzfz ∂−∂∂∧∂δδ

κ
+  

( ) ( )( ) ( ),,exp,,exp ,,, zzz zzz
klklkl

∂=∂∧∂= κθκθκθ OBA  (31) 

and 

( ) ( ) ( )( ) ,coshsinh,,,
010 1001100 zzzz iazaziazzzf ∂+∂−=∂∂  (32) 

( ) ( ) ( )( ) ,sinhcosh,,,
010 1001101 zzzz iazaziazzzf ∂−∂=∂∂  (33) 

( ) ( ) ( ) ( ).cosh,,sinh, 0110101100 azzzzgazzzzg ==  (34) 

However, to simplify, we consider the following differential operator 

( ),,1 ,

1
Linear

, zz
klkl

∂+=







κθ

−

κθ
OZ  (35) 

which contains only the terms linear in deformation parameter klθ  and .κ 5
 Hence, 

the linearized -*̂ Rindler multiplication is given by the formula (30), but with 

differential operator (35) instead the complete factor .1
,

−
κθkl

Z  Consequently, for 

( ) µ= zzf  and ( ) ,ν= zzg  we get 

[ ] [( ( ) ) ( ( ) )νκθµκθκθνµ ∂∂= zzzzzz zz klklkl
,,, ,,,*̂ BA  

                                                           
5
We look only for the corrections to Hawking radiation linear in deformation parameter. 
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( ( ) ) ( ( ) )]νκθµκθ ∂∂− zzzz zz klkl
,, ,, AB  (36) 

with ( ) ,,
22 zz izf ∂=∂  ( ) .,

33 zz izf ∂=∂  The above commutation relations define 

the generalized twist-deformed Rindler space-time associated with generalized 

Minkowski space (21). 

(ii) Rindler space-time associated with generalized twist-deformed Minkowski 

space (ii) (see (22)). 

Here, due to the rules (26)-(29), the -* ˆ,0 κθ i
multiplication looks as follows 

( ) ( ) ( ( ) ( )),1
ˆ,ˆ,

00
zgzfzgzf

ii
⊗ω=∗ −

κθκθ �� Z  (37) 

where 

( ) ( )
10100

,,,,,,(exp 101100011
1

ˆ, zzzzi zzfzzfi
i

∂∂∧∂∂θδ−=−
κθ

Z  

( ) ( )
310210

,,,,, 100033100022 zzzizzzi zzfzzf ∂∧∂∂θδ+∂∧∂∂θδ+  

( ) ( )
2310 3210032 ,,,

ˆ2

1
zzzzlk zzzzf ∂−∂∧∂∂δδ

κ
+  

( ) ( )
3210 2310023 ,,,

ˆ2

1
zzzzlk zzzzf ∂−∂∧∂∂δδ

κ
+  

( ) ( ) ( )
1010

,,,,(,,,
ˆ2

1
1011011001 zzlzzzk zzfzzzgzzf

l
∂∂−∂∧∂∂δ

κ
+  

( ) ( ) ( ) )( )
kzzzkzzl zzgzzfzzzf ∂−∂∂∧∂∂δ

κ
+ 101101101 ,,,,,,,0

ˆ2

1
1010

 

( ) ( )( ) ( ).,exp,,exp ˆ,,ˆ, 000 zzz zzz
iii

∂=∂∧∂= κθκθκθ ODC  (38) 

Consequently, the corresponding (linearized) Rindler space-time takes the form 

[ ]
κθνµ ˆ,*̂ 0

,
i

zz  

[( ( ) )( ( ) ( ( ) )( ( ) )],,,,, ˆ,ˆ,ˆ,ˆ, 0000 νκθµκθνκθµκθ ∂∂−∂∂= zzzzzzzz zzzz iiii
CDDC  (39) 

where we use the linearized approximation to 
1

ˆ,0

−
κθ i

Z  (see (35)). 

(iii) Rindler space-time associated with relativistic twist-deformed space (iii) 

(see formula (23)). 
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In such a case, the -* ,0 κθ i
multiplication takes the form 

( ) ( ) ( ( ) ( )),1
,,

00
zgzfzgzf

ii
⊗ω=∗ −

κθκθ �� Z  (40) 

with factor 

( ) ( )(
10100

,,,,,,exp 101100011
1

, zzzzi zzfzzfi
i

∂∂∧∂∂θδ−=−
κθ

Z  

( )
310210

,,,),,,( 100033100022 zzzizzzi zzfzzf ∂∧∂∂θδ+∂∧∂∂θδ+  

( ) ( )
kl zlzkzzi zzzzf ∂−∂∧∂∂δ

κ
+

10
,,,

2

1
1011  (41) 

( ) ( )( )
10

,,,,
2

1
1011011 zzlzzk zzfzzzg

li
∂∂−∂∧∂δ

κ
+  

( ) ( )( ))zkzzkzl zzgzzfz
i

∂−∂∂∧∂δ
κ

+ 1011011 ,,,,
2

1
10

 

( ) ( )( ) ( ).,exp,,exp ,,, 000 zzz zzz
iii

∂=∂∧∂ε= κθκθκθ OG  

Then, the (linearized) Rindler space looks as follows 

[ ] [( ( ) ) ( ( ) )vzz zzzzzz
ii

i
∂∂ε= κθµκθκθνµ ,,, ,,,*̂ 000

G  

( ( ) ) ( ( ) )]vzz zzzz
ii

∂ε∂− κθµκθ ,, ,, 00
G  (42) 

with -,
ˆ

0 κθ∗
i

multiplication defined by the linear approximation to (41) (see (35)). 

Obviously, for both deformation parameters klθ  and i0θ  approaching zero, and 

all parameters ,κ  κ̂  and κ  running to infinity, the above generalized Rindler space-

times become classical. It should be also noted that for fixed (different than zero) 

parameters klθ  and i0θ  and parameters ,κ  κ̂  and κ  approaching infinity, we get 

twisted canonical Rindler space provided in [8]. On the other side, for parameters 

klθ  and i0θ  running to zero, and fixed parameters ,κ  κ̂  and ,κ  we recover the Lie-

algebraically deformed Rindler spaces introduced in [8] as well. 

4. Hawking Thermal Spectra for Generalized Twist-deformed 

Rindler Space-times 

In this section, we find the corrections to the gravito-thermodynamical process, 
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which occurs in generalized twist-deformed space-times. 

As it was mentioned in Introduction, such effects as Hawking radiation [2], can 

be observed in vacuum by uniformly accelerated observer [4, 5]. First of all, 

following [7] and [8], we recall the calculations performed for gravito-

thermodynamical process in commutative relativistic space-time [11, 12]. Firstly, we 

consider the on-shell plane wave corresponding to the massless mode with positive 

frequency ω̂  moving in xx =1  direction of Minkowski space ( )tx =0  

( ) ( ).ˆˆexp, txtx ω−ω=φ  (43) 

In terms of Rindler variables this plane wave takes the form ( )zzz =τ= 10 ,  

( ( ) ( )) ( ) ( ),ˆexp,,,, τ−ω=τφ≡ττφ azeizztzx  (44) 

i.e., it becomes nonmonochromatic and instead has the frequency spectrum ( ),ωf  

given by Fourier transform 

( ) ( ) .
2

, ωτ−
+∞

∞−
ω

π

ω
=τφ ∫ i

ef
d

z  (45) 

The corresponding power spectrum is given by ( ) ( ) 2ω=ω fP  and the 

function ( )ωf  can be obtained by inverse Fourier transform 

( ) ( ) ,ˆ
1 2ˆ aaiiazei

e
a

i
z

a
eedf

πωωωττ−ω
+∞

∞−






 ω

−Γω





−=τ=ω ∫  (46) 

where ( )xΓ denotes the gamma function [43]. Then, since 

( ) ( )
,

sinh

2

aaa

i

ωπω

π
=






 ω

Γ  (47) 

we get the following power spectrum at negative frequency 

( ) ( ) ,
1

2

2

2

−

π
=ω−ω=ω−ω

πω a
e

a
fP  (48) 

which corresponds to the Planck factor ( )1−ω kTe�  associated with temperature 

kcaT π= 2�  (the temperature of radiation seen by Rindler observer (see formula 

(2))). 
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Let us now turn to the case of generalized twist-deformed space-times provided 

in pervious section. In order to find the power spectra for such deformed Rindler 

spaces, we start with the (fundamental) formula (44) for scalar field, equipped with 

the twisted (linearized) -∗̂ multiplications 

( ) ...,ˆˆexp,Twisted
.., 






 ∗ω=τφ τ−aeziz  (49) 

Then 

( ) ,..,ˆ..,ˆˆTwisted
..,

ωτ∗ω
+∞

∞−
∗τ=ω

τ−

∫ iezi
eedf

a

 (50) 

and, in accordance with the pervious considerations, we get
6
 

( ) ( ) ( ( ) )ωτ
+∞

∞−

ω
τ ⊗∂∂ττω+ω=ω ∫

τ−
izi

z eezdff
a

eˆTwisted
.., ,,,.., �� O  

( ( ) ),ˆ,,,..,
ˆi τ−

τ
ωτ

+∞

∞−

ω ⊗ω∂∂τωτ+ ∫
τ

a
z

ize ezizeed
-a

�� O  (51) 

the corresponding (twisted) power spectrum is defined as 

( ) ( ) .
2Twisted

..,
Twisted
.., ω−ω=ω−ω fP  (52) 

Consequently, due to the form of linearized Rindler factors ,
Linear
..,Z  we have: 

(i) The thermal spectrum for generalized Rindler space (i). 

In such a case the operator ( ) ( )zz zz
kl

∂∂τ=∂∂τ τκθτ ,,,,,,.., ,OO  is given 

by the formula (31) and 

( ) ( ) τ−ωτω
+∞

∞−
κθ

τ−
τ

κ

ωωδ
+ω=ω ∫ aizeiik eeed

az

zi
ff

a

kl

ˆ1Twisted
, 2

ˆ
 

                                                           

6
We only take under consideration the terms linear in deformation parameters ,

klθ  ,θ
0i  ,κ  

κ̂  and .κ  
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.
2

ˆ ˆ1 ∫
+∞

∞−

τ−ωτω τ−
τ

κ

ωδ
− aizeiik eeed

z

z a

 (53) 

The above integral can be evaluated with help of standard identity for Gamma 

function 

( ) ( ),1 yyy Γ=+Γ  (54) 

one gets 

( ) ( ) .1
2

1ˆ
1

2

12Twisted
, 












 −

ω

κ

ωδ
+






 ω

−Γω





−=ω πωω

κθ a

i

az

z
e

a

i
z

a
f ikaai

kl
 (55) 

Then, one can check that the thermal spectrum takes the form 

( ) ,
2

1
1

11 2

2

1Twisted
κ,θkl







κ+









κπ

ωδ
−

−
=ω−ω

ω
O

Tz

z

eT
P ik

T
 (56) 

with Hawking temperature π= 2aT  associated with the acceleration of generalized 

twist-deformed Rindler observer (i). 

(ii) The Hawking radiation spectrum associated with twist deformation (ii). 

Then ( ) ( )zz zz
i

∂∂τ=∂∂τ τκθτ ,,,,,,.., ˆ,0
OO  (see formula (38)) and the 

function ( )ωTwisted
..,f  looks as follows 

( ) ( ) ( ) ∫
+∞

∞−

τ−ωτω
κθ

τ−
τ

ωω






 δ−δ

κ
+θ+ω=ω aizei

lkkl eeed
az

zziff
a

i

ˆ
1101

Twisted
ˆ,

ˆ

ˆ2

1

0
 

( ) .
ˆ

ˆ2

1 ˆ
1101 ∫

+∞

∞−

τ−ωτω τ−
τ

ω






 δ−δ

κ
+θ− aizei

lkkl eeed
z

zz
a

 (57) 

One can perform the above integral with respect time τ  

( ) ( ) aai
e

a

i
z

a
f

i

2Twisted
ˆ,

ˆ
1

0

πωω
κθ 






 ω
−Γω






−=ω  

( ) ,1
ˆ2

1
1

21101 











 −

ωω






 δ−δ

κ
+θ+⋅

a

i

az
zz lkkl  (58) 

and, consequently, the power spectrum takes the form 

( ) ( ) 








π

ω






 δ−δ

κ
+θ−

−
=ω−ω

ωκθ 21101
Twisted

ˆ, ˆ2

1
1

1

11

0 Tz
zz

eT
P lkklTi
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,ˆ, 22
01 






 κθ+O  (59) 

with Hawking temperature .2π= aT  

(iii) The thermal spectrum corresponding to the generalized deformation of 

Rindler space (iii). 

In the last case ( ) ( )zz zz
i

∂∂τ=∂∂τ τκθτ ,,,,,,.., ,0
OO  (see formula (41)) 

and, we have 

( ) ( ) ∫
+∞

∞−

τ−ωτω
κθ

τ−
τ

ωωθδ
+ω=ω aizeii eeed

az

i
ff

a

i

ˆ011Twisted
,

ˆ

0
 

.
ˆ ˆ011 ∫

+∞

∞−

τ−ωτω τ−
τ

ωθδ
− aizeii eeed

z

i a

 (60) 

After integration (see identity for Gamma function (54)), one gets 

( ) ( ) ,11ˆ
1

2

0112Twisted
,0













 −

ωωθδ
+






 ω

−Γω





−=ω πωω

κθ a

i

az
e

a

i
z

a
f iaai

i
 (61) 

and 

( ) ,1
1

11 2
012

011Twisted
,0







θ+









π

ωθδ
−

−
=ω−ω

ωκθ
O

TzeT
P i

Ti
 (62) 

respectively. 

Of course, for deformation parameter 01θ  approaching zero, and parameters κ  

and κ̂  running to infinity, the above corrections disappear. Besides, one can observe, 

that for deformation parameters κ  and κ̂  going to infinity, we get the thermal 

spectrum for canonical Rindler space-time provided in [8]. 

5. Final Remarks 

In this article, we provide linear version of three generalized twist-deformed 

Rindler spaces. All of them correspond to the generalized twist-deformed Minkowski 

space-times derived in [36]. Further, we demonstrated that there appear corrections 

to the Hawking thermal radiation, which are linear in deformation parameters κθ ,01  

and .κ̂  
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It should be noted, that the above results can be extended in different ways. First 

of all, for example, one can find the complete form of (generalized) Rindler space-

times with the use of complete twist differential operators 

( ),,..,exp
1
.., zz ∂=−

OZ  (63) 

which appear, respectively, in the formulas (30), (37) and (40). However, due to the 

complicated form of operators ( )zz ∂,..,O  such a problem seems to be quite difficult 

to solve from technical point of view. Besides, following the paper [11] (the case of 

commutative Rindler space), one can find additional physical applications for such 

deformed generalized Rindler space-times. The studies in these directions have been 

already started and are in progress. 
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