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Abstract 

Let M  be a -Γ semiring. In this paper, we introduce the notion of 

extensions of fuzzy ideals, fuzzy weakly completely prime ideals and 

fuzzy 3-weakly completely prime ideals of .MM ×  In particular, we 

study some of the relationships between fuzzy weakly completely prime 

ideals, fuzzy 3-weakly prime ideals in terms of the extension of fuzzy 

ideals of .MM ×  Our work is inspired by [1]. 

1. Some New Notions and Notations 

Remark 1.1. We assume M  is a -Γ semiring as defined in [1]. 

Definition 1.2. Let M  be a -Γ semiring. A fuzzy subset µ  of MM ×  will be 
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called a fuzzy ideal if for all ( ) ( ) ,,,, MMvymx ×∈  ,Γ∈α  it holds 

(a) ( ) ( ) ( ){ },,,,min, vymxvmyx µµ≥++µ  

(b) ( ) ( ) ( ){ }.,,,max, vymxvmyx µµ≥ααµ  

Definition 1.3. Let M  be a -Γ semiring. A fuzzy ideal f  of MM ×  will be 

called a fuzzy -k ideal of MM ×  if ( ) ( ) ( ){ }vyfvmyxfmxf ,,,min, ++≥  for 

all ( ) ( ) .,,, MMvymx ×∈  

Definition 1.4. Let M  be a -Γ semiring, µ  be a fuzzy subset of ,MM ×  and 

.Ms ∈  The fuzzy subset [ ],1,0:, aMMs ×µ  defined by ( ) =µ mxs ,,  

( )msxs ααµ ,  for all ( ) ,, MMmx ×∈  ,Γ∈α  will be called an extension of µ  by 

.s  

Definition 1.5. Let M  be a -Γ semiring. If µ  is a fuzzy subset of ,MM ×  we 

define ( ) ( ){ }.0,,supp >µ×∈=µ ssMMss  

Definition 1.6. Let M  be a -Γ semiring, A  be a subset of ,MM ×  and 

( ) ., MMmx ×∈  We define ( ) ( ){ }AsmsxMMssAx ∈αα×∈= ,,,  for all 

.Γ∈α  

Definition 1.7. Let M  be a -Γ semiring. We say µ  is a fuzzy weakly 

completely prime ideal if ( ) { ( ) ( )}22112121 ,,,max, xxxxxxxx ′µ′µ=′α′αµ  for all 

( ) ( ) ,,,, 2211 Mxxxx ∈′′  and .Γ∈α  

Definition 1.8. Let M  be a -Γ semiring. A fuzzy ideal µ  of MM ×  will be 

called 3-weakly completely prime ideal if for all ( ) ( ) ( )332211 ,,,,, xxxxxx ′′′  

,MM ×∈  ,Γ∈α  we have 

( ) { ( ) ( )}31312121321321 ,,,max, xxxxxxxxxxxxxx ′α′αµ′α′αµ=′α′α′ααµ  

{ ( ) ( )}12123232 ,,,max xxxxxxxx ′α′αµ′α′αµ=  

{ ( ) ( )}.,,,max 23231313 xxxxxxxx ′α′αµ′α′αµ=  
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2. Some Properties 

Proposition 2.1. Let M  be a commutative -Γ semiring. If µ  is a fuzzy ideal of 

,MM ×  and ,Ms ∈  then the extension of µ  by s  is a fuzzy ideal of .MM ×  

Proof. Obviously, µ,s  is a fuzzy subset of .MM ×  Let ( ) ( )vymx ,,,  

,MM ×∈  and ., Γ∈βα  Observe we have the following 

( ) ( ) ( )( )vmsyxsvmyxs +α+αµ=++µ ,,,  

( )vsmsysxs α+αα+αµ= ,  

( ) ( ){ }vsysmsxs ααµααµ≥ ,,,min  

( ) ( ){ }vysmxs ,,,,,min µµ=  

which implies 

( ) ( ) ( ){ }.,,,,,min,, vysmxsvmyxs µµ≥++µ  

Also 

( ) ( )vmsyxsvmyxs βαβαµ=ββµ ,,,  

( )msxs ααµ≥ ,  

( ).,, mxs µ=  

Hence 

( ) ( )vysvmyxs ,,,, µ≥ββµ  

which implies µ,s  is a fuzzy ideal of .MM ×  

Proposition 2.2. Let M  be a -Γ semiring. If µ  is a fuzzy -k ideal of ,MM ×  

and ,Ms ∈  then the extension of µ  by s  is a fuzzy -k ideal of .MM ×  

Proof. By the previous Proposition, µ,s  is a fuzzy ideal of .MM ×  Since µ  
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is a fuzzy -k ideal of ,MM ×  then 

( ) ( ) ( ){ }vsysvsmsysxsmsxs ααµα+αα+αµ≥ααµ ,,,min,  

for all ( ) ( ) ,,,, MMvymx ×∈  .Γ∈α  Thus, 

( ) ( ) ( ){ }vysvmyxsmxs ,,,.,min,, µ++µ≥µ  

for all ( )( ) ,,, MMvymx ×∈  .Γ∈α  So µ,s  is a fuzzy -k ideal of .MM ×  

Proposition 2.3. Let M  be a -Γ semiring, ,Ms ∈  and µ  be a fuzzy ideal of 

.MM ×  Then 

(a) ,, µ⊆µ s  

(b) ( ) ( ) µα⊆µα −
,,

1
ssss

nn
 for every natural number ,n  ,Γ∈α  

(c) If ( ) ,0, >µ ss  then .s, MMsupp ×=µ  

Proof. Let M  be a -Γ semiring, ,Ms ∈  µ  be a fuzzy ideal of ,MM ×  and 

.Γ∈α  

For (a) Since µ  is a fuzzy ideal of ,MM ×  by Proposition 2.1, µs,  is an 

ideal of .MM ×  Now 

( ) ( ) ( )mxmsxsmxs ,,,, µ≥ααµ=µ  

for all ( ) MMmx ×∈,  and α  in ,Γ  which implies ., µ⊆µ s  

For (b) For all natural numbers n  and for all ( ) ,, MMmx ×∈  ,, Γ∈βα  we 

have 

( ) ( ) (( ) ( ) ))mssxssmxss
nnn βαβαµ=µα ,,,  

( ( ) ( ) )msssxsss
nn βααβααµ= −− 11

,  

(( ) ( ) )mssxss
nn βαβαµ≥ −− 11

,  
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( ) ( )mxss
n

,,
1 µα= −

 

which implies ( ) ( ) .,,
1 µα⊆µα −
ssss

nn
 

For (c) Let ( ) ,0, >µ ss  ( ) ., MMmx ×∈  Now 

( ) ( ) ( ) 0,,,, >µ≥ααµ=µ ssmsxsmxs  

which implies 

( ) 0,, ≥µ mxs  

which implies 

µ∈ ,supp sx  

for all ( ) ., MMmx ×∈  Thus 

.,supp µ⊆ sM  

By Definition 1.5, 

Ms ⊆µ,supp  

which implies 

.,supp µ= sM  

Proposition 2.4. Let M  be a -Γ semiring, A  be a subset of ,MM ×  and 

( ) ., MMmx ×∈  Then 

AsAs ,, λ=λ  

for all ( ) ,, MMss ×∈  where Aλ  denotes the characteristic function of 

.MMA ×⊆  

Proof. Let ( ) ,, MMmx ×∈  .Γ∈α  Observe 
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( ) ( ) 1,,, =ααλ=λ msxsmxs AA  or .0  

(a) If ,1, =α mxs A  then ( ) 1, =ααα msxsA  for all ( )( ) ,,, MMmxss ×∈  

,Γ∈α  which implies 

( ) Amsxs ∈αα ,  

for all ( )( ) ,,, MMmxss ×∈  ,Γ∈α  which implies 

( ) Asmx ,, ∈  

which implies 

( ) .1,, =α mxAs  

(b) If ( ) ,0,, =λ mxs A  then ( ) 0, =ααλ msxsA  for all ( ) ,, MMss ×∈  and 

,Γ∈α  which implies 

( ) Amsxs ∉αα ,  

which implies 

( ) Asmx ,, ∉  

which implies 

( ) 0,, =λ mxAs  

which implies 

., , AsAs λ=λ  

Theorem 2.5. Let M  be a -Γ semiring, and µ  be a fuzzy weakly completely 

prime ideal of .MM ×  If ( ) MMmx ×∈,  is such that ( ) =µ mx,  

( ) ( ) ,,, vyinf MMvy µ×∈  then ( ) .,, µ=µmx  

Proof. Let ( ) ., MMvy ×∈  Clearly, ( ) ( )vyMMvy ,inf , µ×∈  is in [ ].1,0  Thus 
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( ) ( ).,,,, vmyxvymx ααµ=µ  Since µ  is a fuzzy weakly completely prime ideal 

of ,MM ×  then 

( ) ( ) ( ){ }.,,,max, vymxvmyx µµ=ααµ  

Thus either 

( ) ( )mxvmyx ,, µ=ααµ  

or 

( ) ( ).,, vyvmyx µ=ααµ  

Suppose ( ) ( ).,, vyvmyx µ≠ααµ  Then ( ) ( ).,, mxvmyx µ=ααµ  Since µ  is a fuzzy 

ideal of ,MM ×  by Proposition 2.3, ( ) µ⊆µ ,, mx  which implies 

( ) ( ) ( )vymxvy ,,,, µ≤µ  

which implies 

( ) ( )vmyxvy ααµ≤µ ,,  

which implies 

( ) ( ).,, mxvy µ≤µ  

Also since ( ) ( ) ( ) ,,inf, , vymx MMvy µ=µ ×∈  this implies 

( ) ( ).,, vymx µ≤µ  

From ( ) ( )vymx ,, µ=µ  and ( ) ( ),,, vyvmyx µ=ααµ  we get a contradiction. It 

follows that ( ) ( )vyvmyx ,, µ=ααµ  which implies 

( ) ( )vyvyx ,,, µ=µ  

for all ( ) ., MMvy ×∈  Hence ( ) .,, µ=µmx  

Theorem 2.6. Let M  be a commutative -Γ semiring, µ  be a fuzzy subset of 
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MM ×  such that ( ) µ=µ′ ,, ss  for every ( ) ,, MMss ×∈′  then µ  is constant. 

Proof. Let M  be a commutative -Γ semiring, µ  be a fuzzy subset of MM ×  

such that ( ) µ=µ′ ,, ss  for every ( ) MMss ×∈′,  and ( )( ) .,, MMvymx ×∈  

Then ( ) µ=µ,, mx  and ( ) .,, µ=µvy  Thus 

( ) ( ) ( )vymxvy ,,,, µ=µ  

( )vmyx ααµ= ,  

( )mvxy ααµ= ,  

( ) ( )mxvy ,,, µ=  

( )mx,µ=  

which implies µ  is constant. 

Theorem 2.7. Let M  be a -Γ semiring, µ  be a fuzzy ideal of ,MM ×  

{ }.,1 α=µIm  Suppose ( ) ,,, µ=µvy  for all those ( ) ,, MMvy ×∈  for which 

( ) ., α=µ vy  Then µ  is a fuzzy weakly completely prime ideal of .MM ×  

Proof. Let ( ) ( ) .,,, 2211 MMxxxx ×∈′′  Since µ  is a fuzzy ideal of ,MM ×  

( ) ( )112121 ,, xxxxxx ′µ≥′β′βµ  and ( ) ( ).,, 222121 xxxxxx ′µ≥′β′βµ  

Case 1. ( ) ( )112121 ,, xxxxxx ′µ=′β′βµ  

Then ( ) ( )2211 ,, xxxx ′µ≥′µ  which implies 

( ) ( ) ( ) ( ).,,,,,max 2121112211 xxxxxxxxxx ′β′βµ=′µ=′µ′µ  

Case 2. ( ) ( )222121 ,, xxxxxx ′µ≠′β′βµ  

Then ( )11, xx ′µ  is not maximal of ( ) ,MM ×µ  otherwise ( ) ==′µ 1, 11 xx  

( )2121 , xxxx ′β′βµ  which is a contradiction. Thus, ( ) ,, 11 α=′µ xx  and by hypothesis 

( ) µ=µ′µ ,, 11 xx  which implies 
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( ) ( ) ( )222211 ,,,, xxxxxx ′µ=′µµ′µ  

which implies 

( ) ( )222121 ,, xxxxxx ′µ=′β′βµ  

which implies 

( ) ( ) ( )11212122 ,,, xxxxxxxx ′µ≥′β′βµ=′µ  

which implies 

( ) ( ) ( ).,,,max, 22112121 xxxxxxxx ′µ′µ=′β′βµ  

It follows that µ  is a fuzzy weakly completely prime ideal of .MM ×  

Theorem 2.8. Let M  be a commutative -Γ semiring and µ  be a fuzzy ideal of 

.MM ×  Then µ  is a fuzzy 3-weakly prime ideal of MM ×  iff any extension of µ  

by ( ),, mx  where ( ) ,, MMmx ×∈  is a fuzzy weakly completely prime ideal of 

.MM ×  

Proof. Suppose µ  is a fuzzy 3-weakly completely prime ideal of -Γ semiring 

M  and ( ) ,, Mmx ∈  .Γ∈α  Observe 

( ) ( )2121 ,,, xxmxxxmx ′α′αααµ=µ  

( ) ( ){ }2211 ,,,max xmxxxmxx ′ααµ′ααµ=  

( ) ( ) ( ) ( ){ }2211 ,,,,,,,max xxmxxxmx ′µ′µ=  

for all ( ) ( ) ,,,, 2211 MMxxxx ×∈′′  .Γ∈α  Thus ( ) µ,, mx  is a fuzzy weakly 

completely prime fuzzy ideal of ,MM ×  for every ( ) ., MMmx ×∈  Conversely, 

suppose ( ) µ,, mx  is a fuzzy weakly completely prime ideal of ,MM ×  for every 

( ) ., MMmx ×∈  Observe we have the following 

( ) ( ) ( )3232321321 ,,,, xxxxmxxxxxxx ′α′αµ=′α′α′ααµ  



CLEMENT BOATENG AMPADU 

 

10 

( ) ( ) ( ) ( ){ }33112211 ,,,,,,,max xxxxxxxx ′µ′′µ′=  

( ) ( ){ }31312121 ,,,max xxxxxxxx ′α′αµ′α′αµ=  

and since µ  is commutative, then by Defintion 1.8, µ  is a fuzzy 3-weakly 

completely prime ideal of .MM ×  

3. Open Problem 

To our knowledge the following is unsolved: 

Conjecture 3.1. Let M  be a commutative -Γ semiring, and µ  be a fuzzy ideal 

of .MM ×  If µ  is a weakly completely prime ideal of ,MM ×  then µ  is a fuzzy 3-

weakly completely prime ideal of .MM ×  
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