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Abstract 

In this paper, we investigate the controllability for a class of abstract 

impulsive neutral integrodifferential inclusions with infinite delays where 

the linear paper is non-densely defined and satisfies the Hille-Yosida 

condition. The approach used is the fixed point theorem for multivalued 

maps due to Dhage. 

1. Introduction 

In recent years, the theory of impulsive integrodifferential equations or 

inclusions has become an active area of investigation due to their applications in the 
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fields such as mechanics, electrical engineering, medicine biology, ecology and so 

on. One can see the monograph of Chang et al. [1] and the papers of Park and 

Balachandtran et al. [2], Laskshmikantham et al. [3] and the survey papers of Bainov 

[4] and the references therein. 

It is well known that the issue of controllability plays an important role in control 

theory and engineering [5-7] because they have close connections to pole assignment, 

structural de-composition, quadratic optimal control, observer design etc. In recent 

years, the problem of controllability for various kinds of impulsive neutral 

differential equations or inclusions with infinite delays has been extensively studied 

by many authors using different approaches. For example, Kavitha and Mallika 

Arjunan et al. [8] study the controllability of non-densely defined impulsive neutral 

functional differential systems with infinite delay in Banach space by using the 

Shauder fixed point theorem combined with the operator semigroups, Park and 

Balachandtran et al. [9] consider the controllability of impulsive neutral 

integrodifferential systems with infinite delay in Banach spaces by using Shauder 

fixed point theorem. More recently Hu and Liu et al. [10] proved the existence results 

of impulsive partial neutral integrodifferential inclusions with infinite delay by using 

another nonlinear alternative of Leray-Shauder typer for multivalued maps due to D. 

O’Regan. Motivated by the previous mentioned paper, we prove the controllability of 

non-densely defined impulsive neutral integrodifferential inclusions with infinite 

delay. Our approach will be based on a fixed point theorem for multivalued maps due 

to Dhage. 

In this paper, we shall study a class of non-densely defined impulsive neutral 

functional integrodifferential inclusions with infinite delay in Banach spaces 

described in the form 

[ ( ) ( )] ( ) ( ) ( ) ( ))
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where the state variable ( )⋅x  takes in Banach space X with the norm ⋅  and the 

control function ( )⋅u  is given in ( ),,2 UJL  the Banach space of admissible control 

functions with U a Banach space. B is a bounded linear operator from U to X, the 

unbounded linear operator A is not defined densely on X, that is ( ) .XAD ≠  

,:,: XJpXJf hh →×→× BB ( ) ,: XPJJG h →×× B  ( )XP  denotes the 

class of all nonempty subsets of X. ( ),: ADXI →k  ( ) ( )+=∆ kk txtx  

( ) ( ) <<<<==− −
mtttmtx ⋯… 100,,,1kk .1 btm =+  Here ( )+

ktx  and ( )−
ktx  

represent the right and left limits of ( )tx  at ,ktt =  respectively. The histories 

( ) ,0,: Xxt →−∞  defined by ( ) =θtx  ( ) ,0, ≤θθ+tx  belongs to some abstract 

phase space .hB  

This paper has three sections. In the next section, we introduce some notations 

and necessary preliminaries. In Section 3, we prove the controllability results of mild 

solutions of system (1.1). 

2. Preliminaries 

In this section, we shall introduce some basic definitions and Lemmas which are 

used through-out this paper. 

At first, we will employ the abstract phase space hB  which is similar to that 

used in [8]. Assume that ( ) ( )∞+→−∞ ,00,:h  is a continuous function with 

( ) .
0

+∞<= ∫ ∞−
dtthl  For any ,0>a  we define 

{ [ ] Xa →−ψ= 0,:B  such that ( )tψ  is bounded and measurable },  

and equip the space B  with the norm 

[ ]
[ ]

( ) .,sup
0,

0, B∈ψ∀ψ=ψ
−∈

− s
as

a
 

Let us define 

{ ( ] Xh →−∞ψ= 0,:B  such that for any [ ] B∈ψ> − 0,
,0

c
c  and 
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( ) [ ] }.0,

0

+∞<ψ∫ ∞−
dssh

s
 

If hB  is endowed with the norm 

( ) [ ] ,,0,

0

hs
dssh

h
B

B
∈ψ∀ψ=ψ ∫ ∞−

 

then it is clear that ( )
hh B

B ⋅,  is a Banach space. 

Now we consider the space 

{ ( ] Xbxh →−∞=′ ,:B  such that ( )XJCx ,kk ∈  and there exist ( )+
ktx  and 

( )−
ktx  with ( ) ( ) },,,1,0,, 0 mBxtxtx h …=∈φ== −

kkk  where kx  is the 

restriction of x to ( ] .,,1,0,, 1 mttJ …== + kkkk  Set h
′⋅  be a seminorm in hB′  

defined by 

( ) [ ]{ } .,,0:sup hh xbssxx
h

B
B

′∈∈+φ=′
 

Let ( )XP  denote the class of all nonempty subsets of X. Let ( ) ,, XP clbd  

( ) ( )XPXP cvclbdcvcp ,,, ,  and ( )XPcd  denote, respectively, the family of all 

nonempty bounded-closed, compact-convex, bounded-closed-convex and compact-

acyclic (see [11]) subset of X. For Xx ∈  and ( ) ,, , XPZY clbd∈  we define by 

( ) { } ( ) ( )ZaDZYYyyxYxD Ya ,sup,,:inf, ∈=ρ∈−=  and the Hausdorff 

metric ( ) ( ) +→× RXPXPH clbdclbd ,,:  by ( ) max, =BAH  ( ) ( ){ }.,,, ABBA ρρ  

G is called upper semicontinuous (shortly u.s.c) on X, if for each ,Xx ∈∗  the 

( )∗xG  is nonempty, closed subset of X, and if for each open of V of X containing 

( ),∗xG  there exists an open neighborhood N of ∗x  such that ( ) .VNG ⊆  G is said 

to be completely continuous if ( )NG  is relatively compact, for every bounded subset 

.XV ⊆  

If the multivalued map G is completely continuous with nonempty compact 

values, then G is u.s.c. if and only if G has a closed graph, 

( ( )nnnn xGyyyxx ∈→→ ∗∗ ,,.,i.e  imply ( ).∗∗ ∈ xGy  
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A point Xx ∈0  is called a fixed point of the multivalued map G if 

( ).00 xGx ∈  

A multivalued map ( )XPJG cvclbd ,,: →  is said to be measurable if for each 

,Xx ∈  the function ( )( )tGxDt ,֏  is a measurable function on J. For more detail 

on the multivalued maps, see the books of Deimling [12]. 

Definition 2.1. Let ( )XPXF clbd ,: →  be a multivalued map. Then F is called 

a multivalued contraction if there exists a constant ( )1,0∈k  such that for each 

Xyx ∈,  we have 

( ) ( )( ) ., yxyFxFH −≤ k  

The constant k  is called a contraction constant of F. 

Theorem 2.1. Let X be a Banach space, ( )XPX cvclbd ,,1 : →Ψ  and  

( )XPX cvcp,2 : →Ψ  be two multivalued maps satisfying: 

(i) 1Ψ  is a contraction with a contraction constant ,k  and 

(ii) 2Ψ  is completely continuous. 

Then, either 

(1) the operator inclusion xxx 21 Ψ+Ψ∈  has a solution, or 

(2) the set { }xlxlxXx 2111: Ψ+Ψ∈∈=ε  is unbounded for ( ).1,01 ∈l  

Theorem 2.2 [13]. Let X be a Banach space, G be an -1L Carathéodory 

multivalued map with 0, /≠φGS  where { ( ) ( )tgXJLgSG :,:
1

, ∈=φ  

( ) },.., JteatG ∈φ∈  for each fixed ,hB∈φ  and K be a linear continuous map 

from ( )XJL ,1  to ( )., XJC  Then the operator ( ) →φ XJCSK G ,:,�  

( )( )XJCP cvcp ,,  is a closed graph operator in ( ) CXJC ×, ( )., XJ  

Definition 2.2 [14]. An integrated semigroup ( ){ } 00 ≥t
tT  is called locally 
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Lipschitz continuous if, for all ,0>δ  there exists constant γ  such that 

( ) ( ) [ ].,0,,00 δ∈−γ≤− ststsTtT  

Definition 2.3 [15]. We say that the linear operator A satisfies the Hille-Yosida 

condition if there exists 0≥M  and R∈ω  such that ( )∞ω,  ( )Aρ⊂  and 

{ ) ( ) } .,:sup MNnAI
nn ≤ω>λ∈−λω−λ −

 

Theorem 2.3 [14]. The following assertions are equivalent: 

(i) A is the generator of a non-degenerate, locally Lipschitz continuous 

integrated semigroup; 

(ii) A satisfies the Hille-Yosida condition. 

Definition 2.4. A function ( ) Xbx →−∞,:  is called a mild solution of (1.1) if 

the following holds: ( ) htx B∈φ=0  on ( ) ( ) ( ( ))) ,,0, −=∆∞− kkk txItx  

;,,2,1 m…=k  the restriction of ( )⋅x  to the interval [ ] { ,,,0 1 …tb − }mt  is 

continuous; for each [ ],,0 bt ∈  the function ( ) ( ) ∈− sxspstAT s ,,0  [ )t,0  is 

integrable such that 

( ) ( ) ( ) ( ) ( )dssxAxtpptx
t

t ∫++φ−φ=
0

,,00  

[ ( ) ( ) ( ) ]dsdxsgxsfsBu
s

s

t

ττ
τ

,,,
00 ∫∫ +++  

( ( )) ,

0

−

<<
∑− kk

k

txI

tt

 

where { ( ) ( ) ( ) ,,,:,
1

, sxG xstGtgXJLgSg ∈∈=∈  for a.e. }.Jt ∈  

Let 0A  be the part of A on ( )AD  define by 

( ) { ( ) ( )},:0 ADAxADxAD ∈∈=  

.0 AxxA =  
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Then 0A  generates a strongly continuous semigroup 0T  on ( )AD  (see Pazy [16] for 

semigroup theory for semigroup theory) and the general solution in Definition 2.4 (if 

it exists) is given by 

( )

( ) ( ]

( ) ( ) ( )[ ] ( ) ( ) ( )

( ) ( ) [ ( ) ( ) ( ) ]

( ) ( ( ))
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where ( ) ( )., ARB λλ=λ  

Remark 2.1. We should point out here that, from Definition 2.4, it is not 

difficult to verify that if x is an integral solution of (1.1) on ( ],, b−∞  then for all 

( ) ( ) ( ).,, ADxtptxJt t ∈−∈  In particular, ( ) ( ) ∈φ−φ ,0pt ( ).AD  

Definition 2.5. The system (1.1) is said to be controllable on the interval if for 

every initial function hB∈φ  with ( ) ( ) ( )ADpt ∈φ−φ ,0  and ( ) ,1 ADx ∈  there 

exists a control ( )UJLu ,2∈  such that the integral solution ( )⋅x  of (1.1) satisfies 

( ) .1xbx =  

Lemma 2.1 [5]. Assume ,hx B ′∈  then for ., htxJt B∈∈  Moreover, 

( )
[ ]

( ) ,sup
,0

sxlxtxl
ts

t
hh ∈

+φ≤≤
BB

 

where ( ) .
0

+∞<= ∫ ∞−
dtthl  

In order to establish our result we consider the following assumption in the 

sequel: 

( )1H  A satisfies the Hille-Yosida condition. 

Let ( ) ( ) ( ) ( ) .,,
1−−λλ=λλ=λλ=λ AIARARB  Then for all ( ) BADx ,∈  

( ) xx →λ  as .∞→λ  Also from Definition 2.3 (with 1=n ), it is easy to see that 
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( ) ( ) ( ) .because,lim
1

ω−λ

λ
≤−λλ=λ≤λ −

+∞→λ

M
AIBxMxB  

Thus ( ) .lim MB ≤λ+∞→λ  

( )2H  The operator A generates a strongly continuous semigroup ( )tT0  in ( )AD  

and there exists ,11 ≥M  such that 

( ) .,10 JtMtT ∈∀≤  

( )3H  The operator XUB →:  is bounded and linear. The linear operator 

( ) ( )ADUJLW →,: 2  defined by 

( ) ( ) ( ) ,lim 0
0

dssBuBsbTWu
b

λ−= ∫+∞→λ
 

has an induced inverse operator ( ) ( )UJLADW ,: 21 →−  and there exists a positive 

constant 2M  such that .2
1 MBW ≤−  

( )4H  (i) The function XJp h →× B:  is continuous and there exists 

constants ,0,0 32 >> LL  such that the function pAk  satisfies the Lipschitz 

conditions: 

( ) ( ) ( ) ,,, 212122211 h
ttLtpAtpA

B
φ−φ+−≤φ−φ kk  

.,,,,1,0 2121 hJtt B∈φφ∈=k  

and 

( ) ( ) ( ) ( ) ( ) .,,,, 212132010 JttttLspstATspstAT ∈−≤φ−−φ−  

(ii) There exists a constant 21, kk  and 3k  such that 

( ) ( ) .,,, 210 hJtspstAT
h

B
B

∈φ∈+φ≤φ− kk  

and 

( ) ( ) .,,1, 3 hJttp
h

B
B

∈φ∈+φ≤φ k  
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( )5H  ( )XXCI ,∈k  and there exist constants mc ,,1,0 …=≥ kk  and 

continuous nondecreasing functions [ ) ( )∞+→∞+ ,0,0:kL  such that 

( ) ( ) .,, XyxyxcyIxI ∈∀−≤− kkk  

and 

( ) ( ) .,,,,2,1, XyxmxLxI ∈=≤ …kkk  

( )6H  (i) ( ) ( )φ→φ→× ,,;: tftXJf hB  is strongly measurable with 

respect to t for each ,hB∈φ  and continuous with respect to φ  for a.e. ,Jt ∈  and f 

satisfies the Lipschitz conditions, that is, there exists a constant 04 >L  such that 

( ) ( ) ( ),,, 212142211 h
ttLtftf

B
φ−φ+−≤φ−φ  

.,,, 2121 hJtt B∈φφ∈  

(ii) There exists a continuous nondecreasing function ( )+∞→α + ,0:R  such that 

( ) ( ) .a.e.for,, Jttf
h

∈φα≤φ
B

 

( )7H  The multivalued map ( )XPJJG cvclbdh ,,: →×× B  satisfies the 

following conditions: 

(i) ( ) ( ) ( )φ→φ→×× ,,,,;: ,, stGstXPBJJG cvclbdh  is strongly 

measurable with respect to st,  for each ,hB∈φ  and u.s.c with respect to φ  for a.e. 

( ) ., JJst ×∈  

(ii) There exists a constant 1L  such that 

( ) ( ) ( ) .,,,,,, 21212121121 hJttttLtGtG
h

B
B

∈φφ∈φ−φ+−≤φ−φ  

(iii) There exists a positive function [ )( )∞+∈ ,0,1
1 JLp  such that 

( ) { ( )} ( ) ( ) ,,..,,,:sup:,, 1 hJteatpstGvvstG
h

B
B

∈φ∈φΘ≤φ∈=φ  

where [ ) ( )∞→∞Θ ,0,0:  a continuous nondecreasing function and there exists a 

constant d with 
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( )
,1

1

01

121
2

13 >
+

−−−

KN

dMMMbb kkk
 (1) 

where 

( ) ( ) ( ) ( )dlLMdsspdMMbdMMbK

mb
1

1

11
0

110
−

=
∑∫ +Θ+α= k

k

 

{ ( )dMMbdbMMbM α++ 1121 k  

( ) ( ) ( },1

1

11
0

1 dlLMdsspdMMb

mb
−

=
∑∫ +Θ+ k

k

 

and 

( ) { ( )01 112123311 φ++++φ= MxMMbMbMN
h

kkk
B

 

( ) ( ) }.1ˆ1 2331 kkk byM
hh

bb ++φ+++φ+
BB

 

Remark 2.2. The construction of the operator W and its inverse is studied by 

Quinn and Carmichael [17]. 

3. Controllability Result 

Theorem 3.1. Suppose that ( ) ( )71 H-H  are satisfied and 

[ ( )k
k

cMLbMMbLMMbLMLbMMMC

m

∑
=

++++=

1

11
2

141212210  

] .1

1

1 <+ ∑
=

k

k

cM

m

 (2) 

Let hB∈φ  with ( ) ( ) ( ).,0 ADpt ∈φ−φ  Then the system (1.1) is controllable on J. 

Proof. Using hypothesis ( )3H  for an arbitrary function ( ) ,⋅x  define the control 

process 

( ) [ ( ) ( ) ( )[ ] ( )bxbppbTxWtu ,,0001
1 −φ−φ−= −  
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( ) ( )dsxspsbAT s

b

,0
0

−− ∫  

( ) ( ) [ ( ) ( ) ]dsdxsgxsfBsbT
s

s

b

ττ
τ

,,,lim
0

0
0 ∫∫ +λ−−

∞→λ
 

( ) ( ( ))] ( ) ,0

1

ttxItbT

m
−

=

−−∑ kkk

k

 

where ., xGSg ∈  

We shall now show that when using this control the operator Γ  defined by 

( ) ( )

( ) ( ]

( ) ( ) ( )[ ] ( ) ( ) ( )

( ) ( ) [ ( ) ( ) ( ) ]

( ) ( ( ))
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tt
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t
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ττ
τ

 

where { ( ) ( ) ( ) ,,,:,
1

, sxG xstGtgXJLgSg ∈∈=∈  for a.e. }.Jt ∈  It has a 

fixed point ( ).⋅x  This fixed point ( )⋅x  is then a integral solution of the system (1.1). 

Clearly, ( ) ( ) ( ) ,1xbxbx =Γ=  which means that the control u steers the system from 

the initial function φ  to 1x  in time b, provide we can obtain a fixed point of the 

operator Γ  which implies that the system is controllable. For ,hB∈φ  we define φ̂  

by 

( ) ( ]

( ) ( )





∈φ

−∞∈φ

=φ

,,0

,0,,
ˆ

0 JttT

tt

 

then .ˆ
hB′∈φ  Let ( ) ( ) ( ) .,ˆ btttytx ≤<∞−φ+=  It easy to see that y satisfies 

00 =y  and 

( ) ( ) ( ) ( ) ( ) ( )dsyspstATytpptTty ss

t

tt φ+−+φ++φ−= ∫ ˆ,ˆ,,0 0
0

0  
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( ) ( ) [ ( ) ( ) ]dsdysgysfBstT
s

ss

t

ττ
ττ

φ++φ+λ−+ ∫∫∞→λ

ˆ,,ˆ,lim
0

0
0

 

( ) ( ( ) ( )) ( ) ( ) 1
0

0
0

0

limˆ −

∞→λ

−−

<<

λη−+φ+−+ ∫∑ BWBtTttyIttT
t

tt

kkkk

k

 

[ ( ) ( ) ( )[ ] ( ) ( ) ( )dsyspsbATybppbTx ss

b

bb φ+−−φ+−φ−φ− ∫ ˆ,ˆ,,00 0
0

01

( ) ( ) [ ( ) ( ) ]dsdysgysfBsbT
s

ss

b

ττ
ττ

φ++φ+λ−− ∫∫∞→λ

ˆ,,ˆ,lim
0

0
0

 

( ) ( ( ) ( ))] ( ) ,ˆ
0

1

ηηφ+−− −−

=
∑ dttyItbT

m

kkkk

k

 

if and only if x satisfies 

( ) ( ) ( ) ( )[ ] ( ) ( ) ( )dsxspstATxtpptTtx s

t

t ,,,00 0
0

0 −++φ−φ= ∫  

( ) ( ) [ ( ) ( ) ]dsdxsgxsfBstT
s

s

t

ττ
τ

,,,lim
0

0
0 ∫∫ +λ−+

∞→λ
 

( ) ( ( )) ( ) ( ) 1
0

0
0

0

lim −

∞→λ

−

<<

λη−+−+ ∫∑ BWBtTtxIttT
t

tt

kkk

k

 

[ ( ) ( ) ( )[ ] ( ) ( ) ( )dsxspsbATxbppbTx s

b

b ,,,00 0
0

01 −−−φ−φ− ∫  

( ) ( ) [ ( ) ( ) ]dsdxsgxsfBsbT
s

s

b

ττ
τ

,,,lim
0

0
0 ∫∫ +λ−−

∞→λ
 

( ) ( ( ))] ( ) ,0

1

ηη−− −

=
∑ dtxItbT

m

kkk

k

 

and 

( ) ( ) ( ].0,, −∞∈φ= tttx  

Define { }.0: 0 hhh yy BBB ∈=′∈=′′  For any ,hy B ′′∈  
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{ ( ) } { ( ) },0:sup0:sup bssybssyyy
hh ≤≤=≤≤+=′
BB  

thus ( )hh
′⋅′′ ,B  is a Banach space. Set 

{ }qyyB hhq ≤′′′∈= BB :  

for some ,0>q  then qB  for each q, is a bounded, closed convex set in .hB ′′  

Moreover, for any ,qy B∈  from Lemma 2.1, we have 

hhh
tttt yy
BBB

φ+≤φ+ ˆˆ  

[ ]
( )

[ ]
( )

hh
slysyl

tsts
BB 0

,0
0

,0

ˆˆsupsup φ+φ++≤
∈∈

 

( ( ) ) .01 qMql
h

′=φ+φ+≤
B

 (3) 

In view of Lemma 2.1, for each ,Jt ∈  

( ) ( ) .ˆˆ 1

httyltty
B

φ−≤φ+ −  

For each ,, qByJt ∈∈  we have (3) and ( )5H  

( ) ( ) ,ˆˆsup 11 qlyltty
h

tt
Jt

′≤φ−≤φ+ −−

∈
B

 

( ( ) ( ) ( ( ) ( ) )−−−− φ+≤φ+ kkkkkk ttyLttyI ˆ  

( ( ) ( ) )ttyL
Jt

φ−≤
∈

ˆsupk  

( ) .,,1,1 mqlL …=′≤ −
kk  

Let the operator hh BB ′′→′′Ψ :  defined by yΨ  the set of hB ′′∈ρ̂  such that 
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( )

( ]

( ) ( ) ( ) ( ) ( )

( ) ( ) [ ( ) ( ) ]

( ) ( ( ) ( )) ( ) ( )

[ ( ) ( ) ( )[ ] ( ) ( ) ( )

( ) ( ) [ ( ) ( ) ]

( ) ( ( ) ( ))]( )
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φ++φ+λ−−

φ+−−φ+−φ−φ−
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φ++φ+λ−+

φ+−+φ++φ−

−∞∈

=ρ

−−

=

∞→λ

−

∞→λ

−−

<<

∞→λ

∑

∫∫

∫

∫∑
∫∫

∫

.,ˆ

ˆ,,ˆ,lim

ˆ,ˆ,,00

limˆ

ˆ,,ˆ,lim

ˆ,ˆ,,0

0,,0

ˆ

0

1

0
0

0

0
0

01

1
0

0
0

0

0
0

0

0
0

0

JtdttyItbT

dsdysgysfBsbT

dsyspsbATybppbTx

BWBtTttyIttT

dsdysgysfBstT

dsyspstATytpptT

t

t

m

s

ss

b

ss

b

bb

t

tt

s

ss

t

ss

t

tt

kkkk

k

kkkk

k

ττ

ττ

ττ

ττ

 

We can see that if Ψ  has a fixed point in ,hB ′′  then Γ  has a fixed point in hB′  

which is a solution of system (1.1). 

Now, we consider the following multi-valued operators 1Ψ  and 2Ψ  defined by 

( )

( ]

( ) ( ) [ ( ) ( ) ( )[ ]

( ) ( ) ( )

( ) ( ) [ ( ) ( ) ]

( ) ( ( ) ( ))] ( )

( ) ( ( ) ( ))






















∈φ+−+

ηηφ+−−

φ++φ+λ−−

φ+−−φ+−

φ−φ−λη−

−∞∈

=Ψ

−−

<<

−−

=

∞→λ

−

∞→λ

∑
∑

∫∫

∫

∫

JtttyIttT

dttyItbT

dsdysgysfBsbT

dsyspsbATybp

pbTxBWBtT

t

t

tt

m

s

ss

b

ss

b

bb

t

,ˆ

ˆ

ˆ,,ˆ,lim

ˆ,ˆ,

,00lim

0,,0

0

0

0

1

0
0

0

0
0

01
1

0
0

1

kkkk

kkkk

k

k

ττ
ττ

 

and 

( )

( ]

( ) ( ) ( ) ( ) ( )

( ) ( ) [ ( ) ( ) ]













∈φ++φ+λ−+

φ+−+φ++φ−

∞−∈

=Ψ

∫∫

∫

∞→λ
.,ˆ,,ˆ,lim

ˆ,ˆ,,0

0,,0

0
0

0

0
0
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JtdsdysgysfBstT
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t

t

s
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t
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t
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It is clear that 

.21 Ψ+Ψ=Ψ  

The problem of finding mild solutions of (1.1) is reduced to find the solutions of the 

operator inclusion ( ) ( ).21 xxx Ψ+Ψ∈  In the follow, we show that the operators 1Ψ  

and 2Ψ  satisfy the conditions of Theorem 2.1. 

Step 1. 1Ψ  is a contraction. 

Let ., 21 hyy B ′′∈  By the assumption, we have 

( ) ( ) ( ) ( )λη−≤Ψ−Ψ ∫∞→λ
BtTyy

t

0
0

2111 lim  

{[ ( ) ( )]bbbb ybpybpBW φ+−φ+− ˆ,ˆ, ,1,2
1

 

( ) [ ( ) ( )]dsyspyspsbAT ssss

b

φ+−φ+−+ ∫ ˆ,ˆ, ,1,20
0

 

( ) ( ) [ ( ) ( )]dsysfysfBsbT ssss

b

φ+−φ+λ−+ ∫∞→λ

ˆ,ˆ,lim ,1,20
0

 

( ) ( ) [ ( ) ττ
ττ

dysgBsbT
sb

φ+λ−+ ∫∫∞→λ

ˆ,,lim ,2
0

0
0

 

( ) ] ( ) [ ( ( ) ( ))−−

=

φ+−−φ+− ∑ kkkk

k

ttyItbTdsdysg

m

ˆˆ,, 20

1

,1 ττ
ττ

 

( ( ) ( ))] ( )} ( )kkkk

k

ttTdttyI

tt

−+ηηφ+− ∑
<<

−−
0

0

1
ˆ  

[ ( ( ) ( )) ( ( ) ( ))]−−−− φ+−φ+ kkkkkk ttyIttyI ˆˆ
21  

{
h

bb

b

yyLMMM
B,1,22

0
21 −≤ ∫  

dsyyLM
h

ss

b

B,1,221
0

−+ ∫  
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dsyyLMM ss

b

,1,241
0

−+ ∫  

dsdyyLMM
bb

τ
ττ ,1,21

00
1 −+ ∫∫  

( ( ) ( ) } η−+ −−

=
∑ dtytycM

m

kkk

k

12

1

1  

( ( ) ( )−−

=

−+ ∑ kkk

k

tytycM

m

21

1

1  

[ ( 1
2

14121221 LbMMbLMMbLMLbMMM +++≤  

) ] 21

1

1

1

1 yycMcM

mm

−++ ∑∑
==

k

k

k

k

 

,210 yyC −≤  

where 0C  is given in (2). hence, 1Ψ  is a contraction. 

Step 2. 2Ψ  has compact, convex value and it is completely continuous. This 

will divided into the following claims. 

Claim 1. y2Ψ  is convex for each .hy B ′′∈  

In fact, if ,ˆ,ˆ 221 yΨ∈ρρ  then, there exists yGSgg ,21, ∈  such that 

( ) ( ) ( ) ( ) ( )dsyspstATytpptT ss

t

tti φ+−+φ++φ−=ρ ∫ ˆ,ˆ,,0ˆ 0
0

0  

( ) ( ) [ ( ) ( ) ]dsdysgysfBstT i

s

ss

t

ττ
ττ

φ++φ+λ−+ ∫∫∞→λ

ˆ,,ˆ,lim
0

0
0

 

.,2,1 Jti ∈=  

Let [ ].1,0∈β  Since the operators B and 1−W  are linear, we have 

( ( ) ) ( )t21 ˆ1ˆ ρβ−+ρβ  
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( ) ( ) ( ) ( ) ( )dsyspstATytpptT ss

t

tt φ+−+φ++φ−= ∫ ˆ,ˆ,,0 0
0

0  

( ) ( ) [ ( ) [ ( )
ττ

τ φ+β+φ+λ−+ ∫∫∞→λ

ˆ,,ˆ,lim 1
0

0
0

ysgysfBstT
s

ss

t

 

( ) ( )] ] .ˆ,,1 2 dsdysg ττ
ττ

φ+β−+  

Since yGS ,  is convex (because G has convex values), we have 

( ( ) ) ( ) .ˆ1ˆ 221 Ψ∈ρβ−+ρβ t  

Claim 2. y2Ψ  maps bounded sets into bounded sets in .hB ′′  

Indeed, it is enough to show that there exists a positive constant Λ  such that for 

{ },:,2 qyyByy hhq ≤′′′∈=∈Ψ∈ρ BB  one have .Λ≤′ρ hB  

If ,2 yΨ∈ρ  then there exists yGSg ,∈  such that, for each Jt ∈  

( ) ( ) ( ) ( ) ( ) ( )dsyspstATytpptTt ss

t

tt φ+−+φ++φ−=ρ ∫ ˆ,ˆ,,0 0
0

0  

( ) ( ) [ ( ) ( ) ] .ˆ,,ˆ,lim
0

0
0

dsdysgysfBstT
s

ss

t

ττ
ττ

φ++φ+λ−+ ∫∫∞→λ
 (4) 

Therefore, by hypotheses ( ) ( ) ( ) ( ),H,H,H,H 6421  and ( ),H7  we observe that, for 

each Jt ∈  

( ) ( ) ( ) ( )21331
ˆ1ˆ1 kkkk +φ+++φ+++φ≤ρ

hhh BssBttB
ybyMt  

( ) ( ) ( ) dsdyspMMdssMM
hBss

bb

q

b

τφ+Θ+α+ ∫∫∫ ′
ˆ

1
00

1
0

1  

.: Λ=  

Then, for each ,2 yΨ∈ρ  we have .Λ≤′ρ hB  

Claim 3. y2Ψ  maps bounded sets into equicontinuous sets of .hB ′′  
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Let .0 21 b≤<< ττ  Then, we have for each and qBy ∈  and ,2 yΨ∈ρ  there 

exists yGSg ,∈  such (4) holds. Therefore, 

( ) ( ) [ ( ) ( )] ( ) ( ) ( )
1122

ˆ,ˆ,,0 12201012 ττττ
ττττττ φ+−φ++φ−≤ρ−ρ ypyppTT  

[ ( ) ( ) ( ) ( )]dsyspsATyspsAT ssss φ+−−φ+−+ ∫ ˆ,ˆ, 1020
0

1
ττ

τ

 

( ) ( )dsyspsAT ss φ+−+ ∫ ˆ,20

2

1

τ

τ

τ

 

[ ( ) ( )] ( ) ( )dsysfBsTsT ss φ+λ−−−+ ∫∞→λ

ˆ,lim 1020
0

1
ττ

τ

 

( ) ( ) ( )dsysfBsT ss φ+λ−+ ∫∞→λ

ˆ,lim 20

2

1

τ

τ

τ

 

[ ( ) ( )] ( ) ( ) dsdysgBsTsT
b

ττττ
ττ

τ

φ+λ−−−+ ∫∫∞→λ

ˆ,,lim 1020
00

1
 

( ) ( ) ( ) dsdysgBsT
b

τττ
ττ

τ

τ

φ+λ−+ ∫∫∞→λ

ˆ,,lim 20
0

2

1

 

( ) ( ) ( )φ−≤ ,02010 pTT ττ  

[ ]
hh BB

yyyyL
12

12 ˆˆ122
ττ

ττ
ττ

φφ
−+−+−+  

[ ]dsydsL ss 2112
0

3
ˆ2

1

1
kk +φ++−+ ∫∫

τ

τ

τ

ττ  

( ) ( ) ( )dsssTsTM q′α−−−+ ∫ 1020
0

1
ττ

τ

 

( )dssMM q′α+ ∫
2

1
1

τ

τ

 

( ) ( ) ( ) ( )dsqspsTsTbM ′Θ−−−+ ∫ 11020
0

1
ττ

τ
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( ) ( ) .11

2

1

dsqspbMM ′Θ+ ∫
τ

τ

 

The right-hand side is independent of qBy ∈  and tends to zero as ,12 ττ →  since 

the strong continuity of ( )tT0  for 0>t  implies the continuity in the uniform 

operator topology. Thus, the set { }qByy ∈Ψ :2  is equicontinuous. 

Claim 4. y2Ψ  is compact multi-valued map. 

From the above claims, we see that family qB2Ψ  is a uniformly bounded and 

equicontinuous collection. Therefore, it suffices to show by Arzelá-Ascoli theorem 

that 2Ψ  map qB  into a precompact set into .hB ′′  That is for each fixed ,Jt ∈  the 

set ( ) { ( ) }qBytytV ∈Ψ= :2  is precompact in X.  

Obviously, ( ) { ( )}.00 2Ψ=V  Let 0>t  be fixed and for ,0 t<< ∊  define 

( ) ( ) ( ) ( ) ( ) ( )dsyspstATytpptTty ss

t

tt φ+−+φ++φ−=Ψ ∫
−

ˆ,ˆ,,0 0
0

02

∊
∊  

( ) ( ) [ ( ) ( ) ] .ˆ,,ˆ,lim
0

0
0

dsdysgysfBstT
s

ss

t

ττ
ττ

φ++φ+λ−+ ∫∫
−

∞→λ

∊

 

Since 0T  is a strongly continuous operator, and from condition ( )6H  and ( ),H7  the 

set ( ) { ( ) }qBytytV ∈Ψ= :2
∊

∊  is precompact X for every ∊∊ <0,  .t<  Moreover, 

( ) ( ) ( ) ( ) dsyspstATtyty ss
t

φ+−≤Ψ−Ψ ∫ −

ˆ,022

∊

∊

∊
 

( ) ( ) ( ) dsysfBstT ss

t

t
φ+λ−+ ∫ −∞→λ

ˆ,lim 0
∊

 

( ) ( ) ( ) ] .ˆ,,lim 0 dsdysgBstT
t

t
ττ

ττ
φ+λ−+ ∫ −∞→λ ∊

 

Therefore, 

( ) ( ) ,0.,022
+→→Ψ−Ψ ∊∊ satyty  
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and there are precompact sets arbitrary close to the set { ( ) }.:2 qByty ∈Ψ  Hence, 

the Arzelá-Ascoli shows that 2Ψ  is a compact multi-valued map. 

Claim 5. y2Ψ  has a closed graph. 

Let n
n

n yyy 2, Ψ→ρ→ ∗  and .∗ρ→ρn  We aim to show that .2
∗

∗ Ψ∈ρ y  

Indeed, n
n y2Ψ∈ρ  means that there exists n

yGn Sg
,

∈  such that 

( ) ( ) ( ) ( ) ( ) ( )dsyspstATytpptTt s
n
s

t

t
n
tn φ+−+φ++φ−=ρ ∫ ˆ,ˆ,,0 0

0
0  

( ) ( ) [ ( ) ( ) ] ,ˆ,,ˆ,lim
0

0
0

dsdysgysfBstT
n

n

s

s
n
s

t

ττ
ττ

φ++φ+λ−+ ∫∫∞→λ
 

.Jt ∈  

We need to prove that there exists *, yGSg ∈∗  such that 

( ) ( ) ( ) ( ) ( ) ( )dsyspstATytpptTt ss

t

tt φ+−+φ++φ−=ρ ∗∗
∗ ∫ ˆ,ˆ,,0 0

0
0  

( ) ( ) [ ( ) ( ) ] ,ˆ,,ˆ,lim
0

0
0

dsdysgysfBstT
s

ss

t

ττ
ττ

φ++φ+λ−+ ∗
∗

∗

∞→λ ∫∫  

.Jt ∈  

Since p and f is continuous, we get 

[ ( ) ( ) ( ) ( )t
n
tn ytpptTt φ+−φ+ρ ˆ,,00  

( ) ( )dsyspstAT s
n
s

t

φ+−− ∫ ˆ,0
0

 

( ) ( ) ( ) ]dsysfBstT s
n
s

t

φ+λ−− ∫∞→λ

ˆ,lim 0
0

 

[ ( ) ( ) ( ) ( )ttytpptTt φ+−φ+ρ− ∗
∗

ˆ,,00  

( ) ( )dsyspstAT ss

t

φ+−− ∗∫ ˆ,0
0
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( ) ( ) ( ) ] .,0ˆ,lim 0
0

∞→→φ+λ−− ∗

∞→λ ∫ nasdsysfBstT ss

t

 

Consider the linear continuous operator ( ) ( )XJCXJLK ,,: 1 →  define by 

( ) ( ) ( ) ( ) .ˆ,,lim
0

0
0

dsdysgBstTtKg
st

ττ
ττ

φ+λ−= ∫∫∞→λ
 

From Theorem 2.2, it follows that GSK �  is a closed graph operator, and 

( ) ( ) ( ) ( ) ( ) ( )dsyspstATytpptTt s
n
s

t

t
n
tn φ+−−φ+−φ+ρ ∫ ˆ,ˆ,,0 0

0
0  

( ) ( ) ( ) .ˆ,lim
,0

0
n

yGs
n
s

t

SKdsysfBstT �∈φ+λ−− ∫∞→λ
 

Since ∗→ yyn  and ,∗ρ→ρn  it follows from Theorem 2.2 that, there exists an 

,*, yGSg ∈∗  such that 

( ) ( ) ( ) ( ) ( ) ( )dsyspstATytpptTt ss

t

tt φ+−+φ++φ−=ρ ∗∗
∗ ∫ ˆ,ˆ,,0 0

0
0  

( ) ( ) [ ( ) ( ) ] .ˆ,,ˆ,lim
0

0
0

dsdysgysfBstT
s

ss

t

ττ
ττ

φ++φ+λ−+ ∗
∗

∗

∞→λ ∫∫  

Therefore, y2Ψ  is completely continuous multi-valued map, u.s.c. with convex 

closed, compact values. 

Step 3. A priori estimate. 

Now it remains to show that the set 

{ }10somefor,: 1211 <<Ψ+Ψ∈′′∈=ε lylylyy hB  

is bounded. 

Let ,ε∈y  then there exist yGSg ,∈  such that 

( ) ( ) ( ) ( ) ( ) ( )dsyspstATlytplptTlty ss

t

tt φ+−+φ++φ−= ∫ ˆ,ˆ,,0 0
0

1101  
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( ) ( ) [ ( ) ( ) ]dsdysgysfBstTl
s

ss

t

ττ
ττ

φ++φ+λ−+ ∫∫∞→λ

ˆ,,ˆ,lim
0

0
0

1  

( ) ( ( ) ( )) ( ) ( ) 1
0

0
10

0

1 limˆ −

∞→λ

−−

<<

λη−+φ+−+ ∫∑ BWBtTlttyItTl
t

tt

kkkkt

k

 

[ ( ) [ ( ) ( )] ( ) ( ) ( )dsyspsbATybppbTx ss

b

bb φ+−−φ+−φ−φ− ∫ ˆ,ˆ,,00 0
0

01  

( ) ( ) [ ( ) ( ) ]dsdysgysfBsbT
s

ss

b

ττ
ττ

φ++φ+λ−− ∫∫∞→λ

ˆ,,ˆ,lim
0

0
0

 

( ) ( ( ) ( ))] ( ) ηηφ+−− −−

=
∑ dttyIbT

m

kkkk

k

t ˆ
0

1

 

for some .10 1 << l  Then, by the assumptions, we have 

( ) ( ) ( ) ( )21331
ˆ1ˆ1 kkkk +φ+++φ+++φ≤

hhh sstt ybyMty
BBB

 

( ) ( ) ( )dsyspMMbdsyMM
hh ss

t

ss

b

BB
φ+Θ+φ+α+ ∫∫ ˆˆ

1
0

1
0

1  

( ) { ( ) ( )10ˆ
311121

1

1

1 +φ+φ++φ++ −

=
∑ hh

MMxMMbMylLM tt

m

BB
kk

k

 

( ) ( ) ( )dsyMMyby
hhh ss

b

ssbb BBB
φ+α++φ+++φ++ ∫ ˆˆ1ˆ

0
1213 kkk  

( ) ( ) ( )}.ˆˆ 1

1

11
0

1 hh tt

m

ss

b

ylLMdsyspMMb
BB

φ++φ+Θ+ −

=
∑∫ k

k

 

Let 

( )
[ ]

( )
[ ]

( ) [ ],,0,ˆˆsupsup 0
,0

0
,0

btslysylt
hh tsts

∈φ+φ++=µ
∈∈

BB
 

where 

hhh tttt yy
BBB

φ+≤φ+ ˆˆ  
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[ ]
( ) { ( ) }.0:ˆsupsup

,0
bsssyl

hts

≤≤φ+≤
∈

B
 

Therefore, we get 

( ) ( ) ( )( ) ( ( ) )21331 11 kkkk +µ++µ++φ≤µ tbtMt
hB

 

( )( ) ( ) ( )( )dssspMMbdssMM
tb

µΘ+µα+ ∫∫ 1
0

1
0

1  

( ( )) { ( ) ( )10 311121
1

1

1 +φ+φ++µ+ −

=
∑ h

MMxMMbMtlLM

m

B
kk

k

 

( ) ( ( ) ) ( )( )dssMMtby
b

bb h
µα++µ++φ++ ∫0

1213 1ˆ kkk
B

 

( ) ( )( ) ( ( ))}.1

1

11
0

1 tlLMdssspMMb

mb

µ+µΘ+ −

=
∑∫ k

k

 

Consider the norm of the function ( ) ( ){ },0:sup, bttt ≤≤µ=µµ  therefore, we 

have 

( ) ( ) ( )21331 11 kkkk +µ++µ++φ≤µ bM
hB

 

( ) ( ) ( ) ( )µ+µΘ+µα+ −

=
∑∫ 1

1

11
0

11 lLMdsspMMbMMb

mb

k

k

 

{ ( ) ( )10 311121 +φ+φ++
h

MMxMMbM
B

k  

( ) ( ) ( )µα++µ++φ++ 1213 1ˆ MMbbyk
hbb kk
B

 

( ) ( ) ( }.1

1

11
0

1 µ+µΘ+ −

=
∑∫ lLMdsspMMb

mb

k

k

 

Thus, we obtain 

( )
,1

1

21

121
2

13 ≤
+

µ−−−

NN

MMMbb kkk
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where 1N  are given in ( )7H  and 

( ) ( ) ( ) ( )µ+µΘ+µα= −

=
∑∫ 1

1

11
0

112 lLMdsspMMbMMbN

mb

k

k

 

{ ( )µα+µ+ 1121 MMbbMMbM k  

( ) ( ) ( }.1

1

11
0

1 µ+µΘ+ −

=
∑∫ lLMdsspMMb

mb

k

k

 

Then by (1), there exists d such that .d≠µ  Set { },: dyy hh <′′′∈=ε BB  this 

indicate that the set ε  is bounded. As a consequence of Theorem 2.1, we deduce that 

21 Ψ+Ψ  has a fixed point which is a mild solution of the system (1.1). Thus the 

system (1.1) is controllable. 

4. Example 

As an application of Theorem 3.1, we consider the impulsive neutral partial 

integrodifferential inclusions of the following form: 

[ ( ) ( ) ] ( ) ( ) ( ) ( )

( ) ( )( ) ( )

[ ] [ ]

( ) ( ) ( ) ( ( ))

( ) ( )

( ) ( ) [ ) [ ]




















π∈∞−∈=πϕ=

≥=π=

==−=∆

≠∈π∈

+−+

+
∂

∂
∈ξξ−−

∂

∂

−−+

∞−

π

∞−

∫∫

∫∫

.,0,0,,0,,

,0,0,0,

,,,1,,,,,

,,,0,,0

,,

,,,,,,

0

02

2

0

xttxtz

ttztz

mxtzIxtzxtzxtz

ttbtx

tBudsdxzQs

stzxxtz
x

stadsdxtsastz
t

st

t

…k

k

k

kkkkk

k

τττ

 (4.1) 

where [ ] ,,,1,,0 mbJ …== k  ( ) ( ) ,,lim, 0 xhtzxtz h += →
+

kk  ( ) =− xtz ,k  

−→0limh ( ) RRJQxhtz →×+ :,,k  is given functions. We assume that for each 

( )⋅∈ ,, tQJt  is lower semi-continuous. 



CONTROLLABILITY OF NON-DENSELY DEFINED … 

 

65 

Let [ ]π= ,02LX  be endowed with usual norm .2
L

⋅  Define →XA :  X  by 

( )vxtaAv ′′−= ,  with the domain 

( ) { ( ) vvXvAD ′∈⋅= ,:  are absolutely continuous; ( ) ( ) =π=∈′′ vvXv 0,  }.0  

We have 

( ) { ( ) vvXvAD ′∈⋅= ,:  are absolutely continuous; ( ) ( ) =π=∈′′ vvXv 0,  

} .0 X≠  

It is well known that (see [18]) that A satisfies the following properties. 

(i) ( ) ( );,0 Aρ⊂∞  

(ii) ( ) .0,
11 >λ
λ

≤−λ −
AI  

This implies that the operator A satisfies the Hille-Yosida condition (with 1=M  

and 0=v ). Assume that JUXUB ∈→ ,:  is a bounded linear operator and the 

operator 

( ) ( )dssBusbTWu
b

−= ∫0
 

has a bounded invertible operator ( ) ( ).,: 21 UJLADW →−  Example with 

( ) XUJLW →,: 2  such that 1−W  exists and is bounded as discussed in [17]. 

Let ( ) ,0,2 <= sesh s  then ( )
2

10

== ∫ ∞−
dsshl  and defined 

( )
[ ]

( ) .sup 2

0,

0

dssh
L

sh
θϕ=ϕ

∈θ∞−∫B
 

Hence for ( ) [ ] ,,0, hbt B×∈ϕ  where ( ) ( ) ( ) ( ) ( ] ×−∞∈θθϕ=θϕ 0,,,, xxx  [ ].,0 π  

Now define 

( ) ( ) ( ) ,, xtzxtz =  

( ) ( ) ( ) ( ) ,,,,,
0

0

dsdsxtsaxtp ξξϕξ−=ϕ ∫∫
ϕ

∞−
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( ) ( ) ( ) ( ) ,,, 0 xtxxtf ϕ=ϕ k  

and 

( ) ( ) ( ) ( )( ) .,,
0

00
dsdxQsdsxstG

t

s

t

θθϕθ−= ∫∫∫ ∞−
k  

Then, (4.1) can be rewritten as the abstract form as the system (1.1). 

Thus, under appropriate conditions on the functions Gpf ,,  and kI  as those in 

( ) ( ) ,H-H 72  then the system (4.1) is controllable on J. 
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