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Abstract 

Let ( )EVG ,=  be a simple connected graph. The vertex-set and edge-set 

of G denoted by ( )GVV =  and ( ) ,GEE =  respectively. An edge 

uve =  of a graph G is joined between two vertices u and v. The distance 

between vertices u and v, ( ) ,, vud  in a graph is the number of edges in a 

shortest path connecting them and the diameter of a graph G, ( )GD  is the 

longest topological distance in G. The Wiener index was introduced by 

Harold Wiener in 1947. This index is defined as the sum of distance 

between all vertices of a graph and is equal to 

( )
{ } ( )

( ).,
,

vudGW
GVvu∑ ⊂

=  The Hosoya polynomial was introduced 

by H. Hosoya in 1988 and defined as ( )
{ } ( )

( )., ,
,

vud

GVvu
xxGH ∑ ⊂

=  In 

this paper, the Hosoya polynomial and the Wiener index of Harary graph 

12,12 ++ mrH  are computed. 



MOHAMMAD REZA FARAHANI 

 

46 

1. Introduction 

Let ( )EVG ,=  be a simple connected graph. We denote the set of vertices of 

connected graph G with ( )GV  and set of edges with ( ).GE  An edge uve =  of a 

graph G is joined between two vertices u and v. In a molecular graph, each vertex 

denotes an atom and edges denote the bond between atoms. A topological index is a 

real number which describes the molecular graph and is mathematically invariant 

under graph automorphism. The topological index of a molecular graph G is a non-

empirical numerical quantity that quantifies the structure and the branching pattern of 

G. 

The oldest topological index which is the Wiener index was introduced by 

chemist Harold Wiener in 1947 [20]. He introduced this index for comparing and 

describing the relation between Physical-Chemical properties. The definition of this 

index is as follows: 

( )

( ) ( )

( ),,
2
1

vudGW

GVvGVu
∑∑

∈∈

=  

where ( )GVvu ∈,  and ( )vud ,  is the shortest distance between them. 

The Wiener index of many molecular graphs has been computed. For more 

details and chemical applications and mathematical properties of these topological 

indices see paper series [5, 7, 8, 12-16, 18, 20-22, 24, 25]. 

The Hosoya polynomial was first introduced by H. Hosoya, in 1988 [10] and is 

defined as follows: 

( )

( ) ( )

( ).
2
1

, , vud

GVvGVu

xxGH ∑∑
∈∈

=  

If we denote by ( )kGd ,  the number of vertex pairs of G, the distance of which is 

equal to k. Then we can rewrite the Hosoya polynomial and the Wiener index as 

( )

( )

( ) ,,,
1

i
Gd

i

xiGdxGH ∑
=

=  

( )

( )

( ) ,,
1

iiGdGW

Gd

i

×= ∑
=
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where ( )Gd  be the diameter of G and is the longest topological distance in G. 

We encourage the readers to consult [2-4, 6, 9, 10, 17, 23] and references therein 

for background material as well as basic computational techniques. 

The Hosoya polynomial ( )xGH ,  and the Wiener index ( )GW  of regular 

Harary graph 12,12 ++ mrH  are computed in this paper. 

2. Main Results 

The general form of the Harary graph 12,12 ++ mrH  is defined as follows: 

Definition [19]. Let r and m be two positive integer numbers, then the Harary 

graph 12,12 ++ mrH  with 12 +m  vertices is constructed as follows: 

It has vertices 12,2,,2,1 +mm…  and two vertices i and j are joined if and 

only if rijri +≤≤−  or mij +=  or .,,11 mimij …=∀++=  

 

Figure1. The Harary graphs 11,7H  and .7,3H  

Obviously, from the definition of regular-22 +r  graph ,12,12 ++ mrH  one can 

see that ,, N∈∀ mr  and 32,12,1 +++= rrHrm  is automorphic with the complete 

graph 32 +rK  (see Figures 1, 2 and [1, 6, 11]). 
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Figure 2. The Harary graph 7,5H  that is automorphic with the complete graph .7K  

Theorem 1. Consider the Harary graph ( ).,12,12 N∈∀= ++ mrHH mr  Then 

the Hosoya polynomial ( )xHH ,  of Harary graph 12,12 ++ mrH  is equal to 

( ) ( ) [( )
  k

rm

k
mr xrxrmxHH ∑

−+

=
++ +++= 2

1

2

1
12,12 2112,  

(   )
 

].12
1 2

1−+

−−+−++
rm

xrmrm  

Proof of Theorem 1. Let 12,12 ++= mrHH  be the Harary graph with 12 +m  

vertices for all positive integer number r and m. From definition of regular graph 

,12,12 ++ mrH  it is obvious that for :12,2,,2,1 += mmi …  

{ ( ) } ( ).221oror iji vdrmijmijrijriHVvV =+=++=+=+≤≤−∈=  

Thus 

( ) ( ) ( ) ( ) ( ).12112222
1

12,12 ++=+×+=++ mrmrHE mr  

(Obviously ( )




= 2

HV
m ). So the coefficient of the first sentence in the Hosoya 

polynomial of H is ( ) ( ) ( ).1211, ++= mrHd  

Also from the structure of 12,12 ++ mrH  (see Figure 1), one can see that 

mji N∈∀ ,  and a vertex ( ) miijriririijimri vvvvvvvvHVv ++±±±++∈ ,,,12,12  and 

( )miimii vvvv −++ =1  are edges of ( )12,12 ++ mrHE  if { mmrji ,,,,1 …∈− },1+  

thus ( ( ) ) ( ) ,2,, == ±±+± mjiijrii vvdvvd  so for the coefficient of second sentence 
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of ( ) ,, xHH  we have ( ) ( ).1242,2 += mrHd  

On the other hand, from the definition of regular-22 +r  graph H, it is easy to 

see that by above mentioned results ( ) ( )122,12,12 +=++ mrkHd mr  (the coefficient 

of thk  sentence of ( )xHH , ). Such that 

( ) ( )  .2
1012111 −+≤→≥−−−+−+ rmkrkrm  

And also, this implies that the diameter ( )Hd  of 12,12 ++ mrH  is equal to 

 .2
1−+ rm  

Therefore the coefficient in last sentence of ( )xHH mr ,12,12 ++  is equal to 

( )( ) ( ) [( ) ( ) ( ) (   )]12
1122121, 12

2 −−+++++−=
+ rmmrmrHdHd m  

( ) (   ),12
112 −−+−++= rmrmm  

since 
( )

( )
( ) ., 21 








=∑ =

HWHd

i
iHd  

Now, we refer to the definition of Hosoya polynomial and its index, thus we 

have following computation for :12,12 ++ mrH  

( )xHH mr ,12,12 ++  

{ } ( )

( )ji

mji
ji

vvd

HVvv

x
,

,
12,,1,

2
1 ∑

+=

⊂

=

…

 

( )

( ) k
Hd

k

xkHd ,
1
∑

=

=  

) ( ) ( ) ( ) ( )
 2

1321 122122122121
−+

+++++++++=
rm

xmrxmrxmrxmr …  

( ) (   )
 2

1
12

112
−+

−−+−+++
rm

xrmrmm  

( ) ( ) ( )
  k

rm

k
xmrxmr ∑

−+

=
++++= 2

1

2

1 122121  
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( ) (   )
 2

1
12

112
−+

−−+−+++
rm

xrmrmm  

( ) [( )
 

(   )
 

].12
12112 2

1
2

1

2

1
−+−+

=
−−+−+++++= ∑

rm
k

rm

k
xrmrmxrxrm  

Here, the proof of Theorem 1 is completed. 

Theorem 2. The Wiener index ( )HW  of Harary graph 12,12 ++ mrH  

( )N∈∀ mr,  are equal to 

• For qm 2=  and ,2 pr =  

( ) ( ) [ ].16452414 22223
14,14 ++−+−+++=++ ppqqppqqppqHW qp  

• For qm 2=  and ,12 += pr  

( ) ( ) [ ].222348414 22223
14,34 +−+−++++=++ qpqpqpqqppqHW qp  

• For 12 += qm  and ,2 pr =  

( ) ( ) [ ].123284434 22223
34,14 +++−−+++=++ pqppqqppqpqHW qp  

• For 12 += qm  and ,12 += pr  

( ) ( ) [ ].23248434 22223
34,34 ++−+−++++=++ pqqppqpqqppqHW qp  

Proof of Theorem 2. Consider the Harary graph 12,12 ++= mrHH  for two 

positive integer numbers r and m. Then, to compute the Wiener index of the Harary 

graph H, we consider four cases as above 

Case 1. rmmr and,, N∈∀  be even. Let qm 2=  and ,2 pr =  then 

 ( )

( )
( ) kkHdHW

Hd

k
qp ×=∑ =

++ ,
114,14  

( ) [( ) ( )14421214 −+++×+++= qppppp …  

( )( ) ( )]qpqppq +−−+−++ 1122  

( ) [( ) ( ) ( )]qpqpkppq
qp

k
++++++= ∑

−+

=

1

2
41214  
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( ) [( ) ( ) ( )]qpqpkppq
qp

k
++++++= ∑

−+

=

1

2
41214  

( ) [ ( )233221214 22
+−−+++++= pqpqqpppq  

]pqqp 222
+++  

( ) [ 2223 66421214 ppqqppqppq −−+++++=  

]pqqpp 24 22
++++  

( ) [ ].16452414 22223
++−+−+++= ppqqppqqppq  

Case 2. mmr ,, N∈∀  even and r odd. Let qm 2=  and ,12 += pr  then 

( )
( )

( ) kkHdHW
Hd

kqp ×= ∑ =++ ,
114,34  

( ) [( ) ( ) ( 12212211214
2

++++++++= ∑
+

=
pqkppq

qp

k
 

( ) ) ( )]qpqp +−+− 1  

( ) [ ( ) ( ) ( ) ( )]qpqpkppq
qp

k
+++++++= ∑

−+

=

1

1
1221214  

( ) [ ( ) ( ) ( )pqpqqpppq −−++++++= 21221214 22  

( ) ( )]qpqp +++  

( ) [ ( ) ( )pqpqqpppq −−++++++= 21222214 22  

]pqqp 222
+++  

( ) [ qqppqqpppq 2224842214 22223
−+−+++++=  

]pqqpp 22 22
+++−  

( ) [ ].222348414 22223
+−+−++++= qpqpqpqqppq  

Case 3. mmr ,, N∈∀  odd and r even. Let 12 += qm  and ,2 pr =  then 
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( ) ( ) [( ) ( )( ) ( )]qpqppqkppqHW
qp

k
qp +−+−++++++= ∑

+

=
++ 121241234

234,14  

( )[ ( ) ( ) ( )]qpqppqpqqpppq +++−−+++++= 241234 22  

( ) [ 2223 448441234 ppqqppqppq −−+++++=  

]pqqp 222
+++  

( ) [ ].123284434 22223
+++−−+++= pqppqqppqpq  

Finally, 

Case 4. rmmr and,, N∈∀  be odd. Let 12 += qm  and ,12 += pr  then 

( ) ( ) [( ) ( ) kppqHW
qp

k
qp ∑

+

=
++ +++++=

234,34 12211234  

( )( ) ( )]111212 ++−+−++++ qpqppq  

( ) [( ) ( ) ( )pqpqqpppq −−++++++= 21222234 22  

( ) ( )]11 +++++ qpqp  

( ) [( ) ( 22223 224842234 qppqqpppq +−+++++=  

) ( )]pqpqqppq +++++−− 222 22  

( ) [ ].23248434 22223
++−+−++++= pqqppqpqqppq  

And these complete the proof of Theorem 2. 
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