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Abstract 

In this paper, we introduce the notion of weakly compatible 

interpolative Berinde weak mapping of integral type in metric spaces, 

and obtain common fixed point theorem for two pair of self-mappings 

using the (CLR) property. Some consequences of the main result are 

stated. 

1. Introduction and Preliminaries 

Definition 1.1. [1] A coincidence point of a pair of self-mappings 

XXBA a:,  is a point Xx ∈  for which .BxAx =  

Definition 1.2. [1] A common fixed point of a pair of self-mappings 

XXBA a:,  is a point Xx ∈  for which .xBxAx ==  
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Definition 1.3. [2] A pair of self-mappings XXBA a:,  is weakly 

compatible if they commute at their coincidence points, that is, if there 

exists a point Xx ∈  such that BAxABx =  whenever .BxAx =  

Definition 1.4. [1] Let ( )dX ,  be a metric space and :,,, QPBA  

XX a  be four self-maps. The pairs ( )QA,  and ( )PB,  satisfy the 

common limit range property with respect to mappings Q  and ,P  

denoted by ( )PQCLR  if there exists two sequences { }nx  and { }ny  in X  

such that 

.limlimlimlim PXQXsPyByQxAx n
n

n
n

n
n

n
n

I∈====
∞→∞→∞→∞→

 

Notation 1.5. [1] Φ  will denote the family of all functions :φ  

[ ) [ )∞∞ ,0,0 a  satisfying the following: 

(1) φ  is lower semi-continuous. 

(2) ( ) 0>φ t  for all 0>t  and ( ) .00 =φ  

(3) φ  is discontinuous at .0=t  

Notation 1.6. [1] Ψ  will denote the family of all functions :ψ  

[ ) [ )∞∞ ,0,0 a  satisfying the following: 

(1) ψ  is monotonically increasing and continuous. 

(2) ( ) tt <ψ  for all 0>t  and ( ) .00 =ψ  

Lemma 1.7. [3] Let Φ∈ϕ  and { }
N∈nnr  be a nonnegative sequence 

with .lim arnn =∞→  Then 

( ) ( ) .lim
00

dttdtt
ar

n

n
ϕ=ϕ ∫∫∞→

 

Theorem 1.8. [1] Let ( )dX ,  be a metric space and ,A  ,B  ,P  Q  be 
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four self-maps on X  satisfying the following: 

(1) The pairs ( )PA,  and ( )QB,  share the ( )PQCLR  property. 

(2) ( )
( )

( )
( ) ( )









ϕψ≤








ϕψ ∫∫

+ QyBydPxAxdByAxd
dttdtt

,,

0

,

0
 

( )
( ) ( )

.
,,

0








ϕφ− ∫

+ QyBydPxAxd
dtt  

If the pairs ( )PA,  and ( )QB,  are weakly compatible, then ,A  ,B  ,P  Q  

have a unique common fixed point in .X  

Definition 1.9. [4] Let ( )dX ,  be a metric space. We say XXT a:  

is an interpolative Berinde weak operator if it satisfies 

( ) ( ) ( ) ,,,,
1 α−α

λ≤ TxxdyxdTyTxd  

where [ )1,0∈λ  and ( ),1,0∈α  for all ,, Xyx ∈  ( )., TFixyx ∉  

Alternatively, the interpolative Berinde weak operator is given as 

follows: 

Definition 1.10. [4] Let ( )dX ,  be a metric space. We say aXT :  

X  is an interpolative Berinde weak operator if it satisfies 

( ) ( ) ( ) ,,,, 2

1

2

1

TxxdyxdTyTxd λ≤  

where [ ),1,0∈λ  for all ,, Xyx ∈  ( )., TFixyx ∉  

2. Main Result 

Theorem 2.1. Let ( )dX ,  be a metric space and ,A  ,B  ,P  Q  be four 

self-maps on X  satisfying the following: 

(1) The pairs ( )PA,  and ( )QB,  share ( )PQCLR  property. 
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(2) For all ,, Xyx ∈  ( ) ( ) ( ) ( ){ },,,,, QFixBFixPFixAFixyx ∉  and 

( ),1,0∈α  we have 

( )
( )

( )
( ) ( )
















ϕψ≤










ϕψ ∫∫

α−α
α

1,,
2

1

0

,

0

AxPxdQyPxdByAxd

dttdtt  

( )
( ) ( )

.

1,,
2

1

0 














ϕφ− ∫

α−α
α

AxPxdQyPxd

dtt  

If the pairs ( )PA,  and ( )QB,  are weakly compatible, then ,A  ,B  ,P  and 

Q  have a unique common fixed point in .X  

Proof. Suppose that the pairs ( )PA,  and ( )QB,  share the ( )PQCLR  

property, then there exists two sequences { }nx  and { }ny  in X  such that 

zQyByPxAx n
n

n
n

n
n

n
n

====
∞→∞→∞→∞→

limlimlimlim  

for some .QXPXz I∈  (2.1) 

Since ,PXz ∈  there exists a point Xs ∈  such that .zPs =  From (2.1), 

we have 

 .limlimlimlim PszQyByPxAx n
n

n
n

n
n

n
n

=====
∞→∞→∞→∞→

 (2.2) 

Now we claim that .PsAs =  Let if possible .PsAs ≠  Putting sx =  and 

nyy =  in (2) of the theorem we get 

 ( )
( )

( )
( ) ( )

.

1,,
2

1

0

,

0 














ϕψ≤










ϕψ ∫∫

α−α
α

AsPsdQyPsdByAsd nn
dttdtt  (2.3) 

Passing to the limit as ∞→n  in (2.3) and using (2.2) we obtain 

( )
( )

( )
( ) ( )

( ) .00

1,,
2

1

0

,

0
=ψ=
















ϕψ≤










ϕψ ∫∫

α−α
α

AszdzzdzAsd

dttdtt  
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Thus, from the above equation we have ( ) ,0, =zAsd  that is .zAs =  

Thus, .zPsAs ==  Similarly, since ,Qxz ∈  there exist a point Xv ∈  

such that .zQv =  Thus, (2.1) becomes 

.limlimlimlim QvzQyByPxAx n
n

n
n

n
n

n
n

=====
∞→∞→∞→∞→

 

Now we claim that .QvBv =  To support this claim, let .QvBv ≠  Then on 

putting nxx =  and vy =  in (2) of the theorem, we conclude that 

.zQvBv ==  

Thus, we have 

.zQvBvPsAs ====  

Next we show that z  is a common fixed point of ,A  ,B  ,P  and .Q  To 

this aim, since the pairs ( )PA,  and ( )QB,  are weakly compatible, then 

using the above equation, we have 

PzAzAPSPAsPsAs =⇒=⇒=  

and 

.QzBzBQvQBvQvBv =⇒=⇒=  

We will show next that .zAz =  Otherwise if ,zAz ≠  then using (2) of 

the theorem with zx =  and ,vy =  we have 

( )
( )

( )
( ) ( )

( ) .00

1,,
2

1

0

,

0
=ψ=
















ϕψ≤










ϕψ ∫∫

α−α
α

AzPzdQvPzdBvAzd

dttdtt  

Hence it follows that .zBvAz ==  Thus 

.zPzAz ==  

Similarly, setting ux =  and zy =  in (2) of the theorem and using 
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zQvBvPsAs ====  and ,QzBzBQvQBvQvBv =⇒=⇒=  we 

conclude that 

.zQzBz ==  

Therefore, it follows that 

,zPzQzBzAz ====  

that is, z  is a common fixed point of ,A  ,B  Q  and .P  Finally, we prove 

the uniqueness of the common fixed point of ,A  ,B  Q  and .P  Assume 

that 1z  and 2z  are two distinct common fixed points of ,A  ,B  Q  and .P  

Then replacing x  by 1z  and y  by 2z  in (2) of the theorem, we have 

( )
( )

( )
( ) ( )

( ) .00

1
112121 ,,

2

1

0

,

0
=ψ=
















ϕψ≤










ϕψ ∫∫

α−α
α

AzPzdQzPzdBzAzd

dttdtt  

Thus, ( ) ( ) .0,, 2121 == zzdBzAzd  Hence .21 zz =  Therefore, ,A  ,B  Q  

and P  have a unique common fixed point in X  and the proof is 

complete. 

Corollary 2.2. Let ( )dX ,  be a metric space and let ,A  ,P  Q  be three 

self-maps on X  satisfying the following: 

(1) The pairs ( )PA,  and ( )QA,  share the ( )PQCLR  property. 

(2) For all ,, Xyx ∈  ( ) ( ) ( ){ }QFixPFixAFixyx ,,, ∉  and ( ),1,0∈α  

we have 

( )
( )

( )
( ) ( )
















ϕψ≤










ϕψ ∫∫

α−α
α

1,,
2

1

0

,

0

AxPxdQyPxdAyAxd

dttdtt  

( )
( ) ( )

.

1,,
2

1

0 














ϕφ− ∫

α−α
α

AzPxdQyPxd

dtt  
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If the pairs ( )QA,  and ( )PA,  are weakly compatible, then ,A  ,P  Q  

have a unique common fixed point in .X  

Corollary 2.3. Let ( )dX ,  be a metric space and QA,  be two self-

maps on X  satisfying the following: 

(1) The pair ( )QA,  share ( )QCLR  property. 

(2) For all ,, Xyx ∈  ( ) ( ){ },,, QFixAFixyx ∉  and ( ),1,0∈α  we have 

 ( )
( )

( )
( ) ( )
















ϕψ≤










ϕψ ∫∫

α−α
α

1,,
2

1

0

,

0

AxQxdQyQxdAyAxd

dttdtt  

( )
( ) ( )

.

1,,
2

1

0 














ϕφ− ∫

α−α
α

AxQxdQyQxd

dtt  

If the pair ( )QA,  is weakly compatible, then A  and Q  have a unique 

common fixed point in .X  

Corollary 2.4. Let ( )dX ,  be a metric space and A  be a self-map on 

X  satisfying the following condition: 

 ( )
( )

( )
( ) ( )
















ϕψ≤










ϕψ ∫∫

α−α
α

1,,
2

1

0

,

0

AxxdyxdAyAxd

dttdtt  

( )
( ) ( )
















ϕφ− ∫

α−α
α

1,,
2

1

0

Axxdyxd

dtt  

for all ,, Xyx ∈  ( ),, AFixyx ∉  and ( ).1,0∈α  Then A  has a unique 

fixed point in .X  
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