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Abstract 

In this paper, we generalize, extend, and unify some results due to 

Rangamma and Prudhvi [1], Huang and Zhang [2], and Vetro [3] with a 

new type of contractive condition related to the Hardy-Rogers contraction 

[4] by using a function which is defined from a Banach space in to another 

Banach space [5]. Consequently, we also generalize and extend some 

results due to Malhotra et al. [5]. 

1. Introduction 

Let ( )dX ,  be a metric space. Recall Hardy and Rogers [5] that a map 

XXT a:  is called a Hardy-Rogers contraction if 
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( ) ( ) ( )TyybdTxxadTyTxd ,,, +≤  

( ) ( ) ( )yxfdTxyedTyxcd ,,, +++  

for all ,, Xyx ∈  where 0,,,, ≥fecba  and satisfy .1<++++ fecba  Now 

we introduce the following: 

Definition 1.1. Let ( )dX ,  be a metric space, and .:,, XXhgT a  We will 

say the pair ( )gT ,  is a Hardy-Rogers contraction with respect to h if 

( ) ( ) ( )gyhybdTxhxadgyTxd ,,, +≤  

( ) ( ) ( )hyhxfdTxhyedgyhxcd ,,, +++  

for all ,, Xyx ∈  where 0,,,, ≥fecba  and satisfy .1<++++ fecba  

Remark 1.2. If ,Tg =  then we say T is a Hardy-Rogers contraction with 

respect to h. If Tg =  and h is the identity, then T is simply a Hardy-Rogers 

contraction. 

This paper is organized as follows. Section 2 gives some preliminary ideas that 

would be useful in the sequel. Using Definition 2.14, we re-define Definition 1.1 as 

Definition 2.21. The main result, Theorem 3.1, is presented in Section 3. Theorem 

3.1 unifies many similar results in the literature. In particular, Theorem 3.1 

generalizes Theorem 2.1 of Malhotra et al. [5] and the results therein. 

2. Preliminaries 

Definition 2.1. Let E be a real Banach space and P be a subset of E. The set P is 

called a cone if: 

(a) P is closed, nonempty and { },0EP ≠  where E0  is the zero vector of E. 

(b) Pyxbaba ∈≥∈ ,;0,,, R  implies .Pbyax ∈+  

(c) Px ∈  and Px ∈−  implies .0Ex =  
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Remark 2.2. Given a cone ,EP ⊂  we define a partial ordering ”“p  with 

respect to P by yxp  if and only if .Pxy ∈−  We write yx p  to indicate yxp  

but .yx ≠  While yx <<  iff  ( ),int Pxy ∈−  where ( )Pint  denotes the interior of 

P. 

Definition 2.3. Let P be a cone in a real Banach space E, then P is called 

normal, if there exists a constant 0>K  such that for all ;, Eyx ∈  yxE pp0  

implies .yKx ≤   The least number K, for which yKx ≤  holds is called the 

normal constant of P. 

Definition 2.4. P is called solid if ( ) ,int ∅≠P  that is, interior of P is nonempty. 

Definition 2.5. Let X be a nonempty set. Suppose the mapping EXXd a×:  

satisfies 

(a) ( )yxd ,0 p  for all Xyx ∈,  and ( ) Eyxd 0, =  iff  .yx =  

(b) ( ) ( )xydyxd ,, =  for all ., Xyx ∈  

(c) ( ) ( ) ( )yzdzxdyxd ,,, +p  for all .,, Xzyx ∈  

Then d is called a cone metric on X, and ( )dX ,  is called a cone metric space. 

Remark 2.6. If we replace (c) of the previous definition with the following, 

which we call the heptagonal property, ( ) ( ) ( ) ( )uwdwzdzxdyxd ,,,, ++p  

( ) ( ) ( )ytdtvdvud ,,, ++  for all Xtvuwzyx ∈,,,,,,  and for all distinct points 

{ },,,,,, yxXtvuwz −∈  then we say d is a cone heptagonal metric on X, and we 

call ( )dX ,  a cone heptagonal metric space. 

Remark 2.7. A metric space is a cone metric space with R+E  and 

[ ).,0 ∞+=P  

Remark 2.8. If ( )dX ,  is a cone metric space (respectively, cone heptagonal 

metric space) and the underlying cone is normal, then we will say ( )dX ,  is a normal 
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cone metric space (respectively, normal cone heptagonal metric space). 

In the sequel, we will need the following from Jungck et al. [6]: 

Remark 2.9. Let P be a cone in a real Banach space E with zero vector E0  and 

,,, Pcba ∈  then 

(a) If ba p  and ,cb <<  then .ca <<  

(b) If ba <<  and ,cb <<  then .ca <<  

(c) If cuE <<p0  for each ( ),int Pc ∈  then .0Eu =  

(d) If ( )Pc int∈  and ,0Ena →  then there exists N∈0n  such that for all 

,0nn >  we have .can <<  

(e) If nnE ba pp0  for each n and ,, bbaa nn →→  then .ba p  

(f) If aa λp  where ,10 <λ≤  then .0Ea =  

Definition 2.10. Let ( )dX ,  be a cone heptagonal metric space, and { }nx  be a 

sequence in X and .Xx ∈  If for every Ec ∈  with ,0 c<<  there is a natural number 

N such that for all ,Nn >  ( ) ,, cxxd n <<  then { }nx  is said to be convergent to x 

and x is the limit of { }.nx  We sometimes write .lim xxnn =∞→  

Definition 2.11. Let ( )dX ,  be a cone heptagonal metric space, and { }nx  be a 

sequence in X. If for every Ec ∈  with ,0 c<<  there is a natural number N such that 

for all ,, Nmn >  ( ) ,, cxxd mn <<  then { }nx  is said to be a Cauchy sequence in X. 

Definition 2.12. Let ( )dX ,  be a cone heptagonal metric space. If every Cauchy 

sequence in X converges to a point in X, then X is called a complete cone heptagonal 

metric space 

Taking inspiration from Huang and Zhang [2], we have the following: 

Lemma 2.13. Let ( )dX ,  be a cone heptagonal metric space, P be a normal 
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cone with normal constant K. Let { }nx  and { }ny  be two sequences in X, then 

(a) { }nx  is a Cauchy sequence iff ( ) .0,lim , Emnmn xxd =∞→  

(b) If xxnn =∞→lim  and ,lim yynn =∞→  then ( ) =∞→ nnn yxd ,lim  

( )., yxd  

In the sequel, we will need the following class of functions from Malhotra et al. 

[5]: 

Definition 2.14. Let E and B be two real Banach spaces, P and C be normal 

cones in E and B, respectively. Let ”“p  and ”“≤  be partial orderings induced by P 

and C in E and B, respectively. ( )CP,Φ  will denote the set of all functions 

CP a:φ  satisfying the following 

(a) if Pba ∈,  with ,ba p  then [ ] [ ]bka φ≤φ  for some positive real k. 

(b) [ ] [ ] [ ]baba φ+φ≤+φ  for all ., Pba ∈  

(c) φ  is sequentially continuous, that is, if Paan ∈,  and ,lim aann =∞→  

then [ ] [ ].lim aann φ=φ∞→  

(d) if [ ] ,0Bna →φ  then ,0Ena →  where E0  and B0  are the zero vectors of 

E and B, respectively. 

Remark 2.15. Some elements of ( )CP,Φ  are given by Examples 1, 2 and 3, 

respectively, contained in Malhotra et al. [5]. 

Remark 2.16. [ ] Ba 0=φ  iff .0Ea =  

Remark 2.17. Let ( )dX ,  be a cone heptagonal metric space with normal cone 

P and ( )., CPΦ∈φ  Since ( ) ( ) ( ) ( ) ( ) dvuduwdwzdzxdyxd ++++ ,,,,, p  

( ) ( )ytdtv ,, +  for all Xtvuwzyx ∈,,,,,,  and for all distinct points ,,,, vuwz  

{ },, yxXt −∈  then ( )[ ] ( )[ ] ( )[ ] ( )[ ] ( )[ ]vudkuwdkwzdkzxdkyxd ,,,,, φ+φ+φ+φφ p  

( )[ ] ( )[ ].,, ytdktvdk φ+φ+  
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Remark 2.18. In the sequel, we will always suppose that BE,  are two real 

Banach spaces, P and C are normal cones in E and B, respectively and ”“p  and 

”“≤  are partial orderings in E and B with respect to P and C, respectively. 

Definition 2.19. Let X be a nonempty set and gf ,  be self-maps on X and 

., Xzx ∈  Then x is called coincidence point of pair ( )gf ,  if ,gxfx =  and z is 

called point of coincidence of pair ( )gf ,  if .zgxfx ==  

Definition 2.20. Let X be a nonempty set and gf ,  be self-maps on X. Pair 

( )gf ,  is called weakly compatible if f and g commute at their coincidence point, 

that is, ,gfxfgx =  whenever gxfx =  for some .Xx ∈  

Definition 2.21. Let ( )dX ,  be a cone metric space; ,:,, XXhgT a  and P 

be a normal cone with normal constant K. We will say the pair ( )gT ,  is a φ -Hardy-

Rogers contraction with respect to h if 

( )[ ] ( )[ ] ( )[ ] ( )[ ]gyhxdcgyhydbTxhxdagyTxd ,,,, φ+φ+φ≤φ  

( )[ ] ( )[ ]hyhxdfTxhyde ,, φ+φ+  

for all ;, Xyx ∈  ;0,,,, ≥fecba  ,1<++++ fecba  and ( )., CPΦ∈φ  

Remark 2.22. In the definition immediately above if we take ,, CPBE ==  

and defining PP a:φ  by [ ] aa =φ  for all ,Pa ∈  then we recover Definition 1.1. 

3. Main Results 

Theorem 3.1. Let ( )dX ,  be a cone heptagonal metric space and P be a 

normal cone with normal constant K. Suppose XXhgT a:,,  and the pair 

( )gT ,  is a φ -Hardy-Rogers contraction with respect to h. If ( ) ( )XgXT U  

( )Xh⊂  and ( )Xh  is a complete subspace of X, then the maps hgT ,,  have a 

unique point of coincidence in X. Moreover, if ( )hT ,  and ( )hg,  are weakly 

compatible pairs, then hgT ,,  have a unique common fixed point. 
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Proof. Let 0x  be an arbitrary point of X. Since ( ) ( ) ( )XhXgXT ⊂U  starting 

with 0x  we define a sequence { }ny  such that 1222 +== nnn hxTxy  and =+12ny  

2212 ++ = nn hxgx  for all .0≥n  Now, we show that }{ ny  is a Cauchy sequence in 

X. If ny 1+= ny  for some n, say ,122 += nn yy  then since the pair ( )gT ,  is a φ -

Hardy-Rogers contraction with respect to h one obtains 

[ ( )] [ ( )]12221222 ,, ++++ φ=φ nnnn gxTxdyyd  

[ ( )] [ ( )] [ ( )]122212122222 ,,, ++++++ φ+φ+φ≤ nnnnnn gxhxdcgxhxdbTxhxda  

[ ( )] [ ( )]12222212 ,, ++++ φ+φ+ nnnn hxhxdfTxhxde  

[ ( )] [ ( )] [ ( )]12121222212 ,,, +++++ φ+φ+φ= nnnnnn yydcyydbyyda  

[ ( )] [ ( )].,, 212222 nnnn yydfyyde ++ φ+φ+  

Since ,122 += nn yy  from the above we deduce that 

[ ( )] [ ( )] [ ( )].,,, 22222121222 +++++ φ+φ≤φ nnnnnn yydeyydayyd  

By Definition 2.14 and since ,122 += nn yy  one deduces from the above that 

[ ( )] ( ) [ ( )].,, 22121222 ++++ φ+≤φ nnnn yydeayyd  

Since ,1<+ ea  it follows from Remark 2.9 that one has [ ( )] =φ ++ 1222 , nn yyd  

,0B  and since ( ),, CPΦ∈φ  we have [ ( )] ,0, 1222 Enn yyd =++  that is, =+22ny  

.12 +ny  Similalry, one obtains 

vyy nn === + L122  (say). 

It follows that { }ny  is a Cauchy sequence. Suppose 1+≠ nn yy  for all n 

[ ( )] [ ( )]122122 ,, ++ φ=φ nnnn gxTxdyyd  

[ ( )] [ ( )] [ ( )]122121222 ,,, +++ φ+φ+φ≤ nnnnnn gxhxdcgxhxdbTxhxda  
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[ ( )] [ ( )]122212 ,, ++ φ+φ+ nnnn hxhxdfTxhxde  

[ ( )] [ ( )] [ ( )]1212122212 ,,, +−+− φ+φ+φ= nnnnnn yydcyydbyyda  

[ ( )] [ ( )].,, 21222 nnnn yydfyyde −φ+φ+  

Using Definition 2.14 in the above, one deduces that 

( ) [ ( )] ( ) [ ( )]nnnn yydcfayydcb 212122 ,,1 −+ φ++≤φ−−  

from which it follows that [ ( )] [ ( )],,, 212122 nnnn yydhyyd −+ φ≤φ  where =:h  

.1
1

<
−−

++

cb

cfa
 Now put [ ( )],, 1+φ= nnn yydd  then .122 −≤ nn hdd  Now observe 

that 

[ ( )] [ ( )]12221222 ,, ++++ φ=φ nnnn gxTxdyyd  

[ ( )] [ ( )] [ ( )]122212122222 ,,, ++++++ φ+φ+φ≤ nnnnnn gxhxdcgxhxdbTxhxda  

[ ( )] [ ( )]12222212 ,, ++++ φ+φ+ nnnn hxhxdfTxhxde  

[ ( )] [ ( )] [ ( )]12121222212 ,,, +++++ φ+φ+φ= nnnnnn yydcyydbyyda  

[ ( )] [ ( )].,, 212222 nnnn yydfyyde ++ φ+φ+  

Using Definition 2.14 in the above, one deduces that 

( ) [ ( )] ( ) [ ( )]nnnn yydfebyydea 2121222 ,,1 +++ φ++≤φ−−  

from which it follows that [ ( )] [ ( )],,, 21211222 nnnn yydhyyd +++ φ≤φ  where :1h  

.1
1

<
−−

++
=

ea

efb
 Now put [ ( )],, 1+φ= nnn yydd  then .2112 nn dhd ≤+  Now 

observe that 

[ ( )] [ ( )]32223222 ,, ++++ φ=φ nnnn gxTxdyyd  

[ ( )] [ ( )] [ ( )]322232322222 ,,, ++++++ φ+φ+φ≤ nnnnnn gxhxdcgxhxdbTxhxda  

[ ( )] [ ( )]32222232 ,, ++++ φ+φ+ nnnn hxhxdfTxhxde  
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[ ( )] [ ( )] [ ( )]321232222212 ,,, ++++++ φ+φ+φ= nnnnnn yydcyydbyyda  

[ ( )] [ ( )].,, 32122222 ++++ φ+φ+ nnnn yydfyyde  

From the above one deduces that 

( ) [ ( )] [ ( )]22123222 ,,1 ++++ φ≤φ− nnnn yydayydb  

( ) [ ( )]., 3212 ++φ++ nn yydfc  

Using Definition 2.14 in the above one deduces that 

( ) [ ( )]3222 ,1 ++φ−−− nn yydfcb  

( ) [ ( )]., 2212 ++φ++≤ nn yydfca  

Now putting [ ( )]1, +φ= nnn yydd  in the above, we get ,12222 ++ ≤ nn dhd  where 

.1
1

:2 <
−−−

++
=

fcb

cfa
h  Now observe that 

[ ( )] [ ( )]32423242 ,, ++++ φ=φ nnnn gxTxdyyd  

[ ( )] [ ( )] [ ( )]324232324242 ,,, ++++++ φ+φ+φ≤ nnnnnn gxhxdcgxhxdbTxhxda  

[ ( )] [ ( )]32424232 ,, ++++ φ+φ+ nnnn hxhxdfTxhxde  

[ ( )] [ ( )] [ ( )]323232224232 ,,, ++++++ φ+φ+φ= nnnnnn yydcyydbyyda  

[ ( )] [ ( )].,, 22324222 ++++ φ+φ+ nnnn yydfyyde  

From the above one deduces that 

( ) [ ( )] [ ( )]42223242 ,,1 ++++ φ≤φ− nnnn yydeyyda  

( ) [ ( )]., 2232 ++φ++ nn yydfb  

Now using Definition 2.14 in the above, we observe that 

( ) [ ( )] ( ) [ ( )].,,1 22323242 ++++ φ++≤φ−− nnnn yydefbyydea  
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Now putting [ ( )]1, +φ= nnn yydd  in the above, we get ,22332 ++ ≤ nn dhd  where 

.1
1

:3 <
−−

++
=

ea

efb
h  Now observe that 

[ ( )] [ ( )]52425242 ,, ++++ φ=φ nnnn gxTxdyyd  

[ ( )] [ ( )] [ ( )]524252524242 ,,, ++++++ φ+φ+φ≤ nnnnnn gxhxdcgxhxdbTxhxda  

[ ( )] [ ( )]52424252 ,, ++++ φ+φ+ nnnn hxhxdfTxhxde  

[ ( )] [ ( )] [ ( )]523252424232 ,,, ++++++ φ+φ+φ= nnnnnn yydcyydbyyda  

[ ( )] [ ( )].,, 52324242 ++++ φ+φ+ nnnn yydfyyde  

From the above one deduces that 

( ) [ ( )] [ ( )]42325242 ,,1 ++++ φ≤φ− nnnn yydayydb  

( ) [ ( )]., 5232 ++φ++ nn yydfc  

Now using Definition 2.14 in the above, and putting [ ( )],, 1+φ= nnn yydd  we get 

,32442 ++ ≤ nn dhd  where .1
1

:4 <
−−−

++
=

fcb

fca
h  Now observe that 

[ ( )] [ ( )]52625262 ,, ++++ φ=φ nnnn gxTxdyyd  

[ ( )] [ ( )] [ ( )]526252526262 ,,, ++++++ φ+φ+φ≤ nnnnnn gxhxdcgxhxdbTxhxda  

[ ( )] [ ( )]52626252 ,, ++++ φ+φ+ nnnn hxhxdfTxhxde  

[ ( )] [ ( )] [ ( )]525252426252 ,,, ++++++ φ+φ+φ= nnnnnn yydcyydbyyda  

[ ( )] [ ( )].,, 52526242 ++++ φ+φ+ nnnn yydfyyde  

From the above one deduces that 

( ) [ ( )] [ ( )]52425262 ,,1 ++++ φ≤φ− nnnn yydbyyda  

[ ( )]., 6242 ++φ+ nn yyde  
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Now using Definition 2.14 in the above, and putting [ ( )],, 1+φ= nnn yydd  we get 

,42552 ++ ≤ nn dhd  where .1
1

:5 <
−−

+
=

ea

eb
h  Now observe that 

122 −≤ nn hdd  

221 −≤ nhdh  

3212 −≤ nhdhh  

42123 −≤ nhdhhh  

521234 −≤ nhdhhhh  

6212345 −≤ nhdhhhhh  

≤  

M  

( ) .012345 dhhhhhh
n≤  

From the above the following is immediate 

( ) 02345
1

112 dhhhhhhd
nn

n
+

+ ≤  

( ) ,0345
1

2
1

122 dhhhhhhd
nnn

n
++

+ ≤  

( ) ,045
1

3
1

2
1

132 dhhhhhhd
nnnn

n
+++

+ ≤  

( ) ,05
1

4
1

3
1

2
1

142 dhhhhhhd
nnnnn

n
++++

+ ≤  

.0
1

5
1

4
1

3
1

2
1

152 dhhhhhhd nnnnnn
n

+++++
+ ≤  

Now observe from above we have the following 

[ ]( ) ,1 0234511122 dhhhhhhhdd
nn

nn +≤+ +  
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[ ]( ) ,1 034522
1

12212 dhhhhhhhdd
nnn

nn +≤+ +
++  

[ ]( ) ,1 04533
1

2
1

13222 dhhhhhhhdd
nnnn

nn +≤+ ++
++  

[ ]( ) ,1 0544
1

3
1

2
1

14232 dhhhhhhhdd
nnnnn

nn +≤+ +++
++  

[ ] ,1 055
1

4
1

3
1

2
1

15242 dhhhhhhhdd nnnnnn
nn +≤+ ++++

++  

[ ].1 54321505
1

4
1

3
1

2
1

16252 hhhhhhhdhhhhhhdd nnnnnn
nn ++≤+ ++++

++  

Let ,, N∈mn  for the sequence { },ny  we consider [ ( )]mn yyd ,φ  in two cases. 

First observe that 

[ ( )] [ ( )] [ ( )]211 ,,, +++ φ+φ≤φ nnnnmn yydkyydkyyd  

[ ( )] [ ( )] [ ( )]544332 ,,, ++++++ φ+φ+φ+ nnnnnn yydkyydkyydk  

[ ( )] [ ( )]mmnn yydkyydk ,, 165 −++ φ++φ+ L  

[ ].154321 −+++++ +++++++≤ mnnnnnn dddddddk L  

If n is even and ,nm >  then we consider the following cases: 

Subcase I. Replacing n with ,
2

n
 then 

[ ( )] [ [ ]( ) 0223451
2

1 1, dhhhhhhhkyyd
n

n

mn +≤φ  

[ ]( ) ]L+++
++

02

2

234512

2

1 1 dhhhhhhh
nn

 

[ ]( ) [ ]L+++≤ hhhhhhdhhhhhhkh
n

n

234510223451
2

1 11  

[ ]( )
.

1

1

23451

0223451
2

1

hhhhhh

dhhhhhhkh
n

n

−

+
≤  
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Subcase II. Replacing n with ,
2

2−n
 then 

[ ( )] [ [ ]( ) 02

2

453
2

2

3

1
2

2

2

1
2

2

1 1, dhhhhhhhkyyd
n

nnn

mn

−−
+

−
+

−

+≤φ  

[ ]( ) ]L+++
++

02453
2

3

1
2
2

1
2

1 1 dhhhhhhh
n

nnn

 

[ ]( ) [ ]L+++≤
−−

+
−

+
−

hhhhhhdhhhhhhkh
n

nnn

2345102

2

453
2

2

3

1
2

2

2

1
2

2

1 11  

[ ]( )
.

1

1

23451

02

2

453
2

2

3

1
2

2

2

1
2

2

1

hhhhhh

dhhhhhhkh
n

nnn

−

+
≤

−−
+

−
+

−

 

Subcase III. Replacing n with ,
2

4−n
 then, 

[ ( )]mn yyd ,φ  

[ [ ] 0
2

4

5
2

4

5

1
2

4

4

1
2

4

3

1
2

4

2

1
2

4

1 1 dhhhhhhhk

nnnnnn −−
+

−
+

−
+

−
+

−

+≤  

[ ] ]L+++

−−
+

−
+

−
+

−
+

−

0
2

2

5
2

2

5

1
2

2

4

1
2

2

3

1
2

2

2

1
2

2

1 1 dhhhhhhh

nnnnnn

 

[ ] [ ]L+++≤

−−
+

−
+

−
+

−
+

−

hhhhhhdhhhhhhkh

nnnnnn

234510
2

4

5
2

4

5

1
2

4

4

1
2

4

3

1
2

4

2

1
2

4

1 11  

[ ]
.

1

1

23451

0
2

4

5
2

4

5
2

4

4
2

4

3

1
2

4

2

1
2

4

1

hhhhhh

dhhhhhhkh

nnnnnn

−

+
≤

−−−−
+

−
+

−

 

If n is odd and ,nm >  then we consider the following cases: 

Subcase I. Replacing n with ,
2

1−n
 then 

[ ( )]mn yyd ,φ  
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[ [ ]( ) 2

1

2

1
2

1

102

1

3452
2

1

2

1
2

1

1 1

+
+

+−−
+

−

++≤

nn
n

nn

hhdhhhhhhhk  

[ ]( ) ]L++×
+

02

1

34521 dhhhhh
n

 

[ ]( ) [ ]L+++≤
−−

+
−

hhhhhhdhhhhhhkh
n

nn

2345102

1

3452
2

1

2

1
2

1

1 11  

[ ]( )
.

1

1

23451

02

1

3452
2
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Subcase II. Replacing n with ,
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Subcase III. Replacing n with ,
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 then 
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Since ,1,,,,, 54321 <hhhhhh  it follows that ,154321 <hhhhhh  so in all sub-cases 

when n is even or odd, we have [ ( )] Bmn yyd 0, →φ  as ,∞→n  and since ∈φ  

( ),, CPΦ  we have ( ) .0, Emn yyd →  Thus by Lemma 2.13, { } { }1−= nn hxy  is a 

Cauchy sequence. Since ( )Xh  is complete, there exists ( )Xhv ∈  and Xu ∈  such 

that vynn =∞→lim  and .huv =  Now, we show that u is coincidence point of the 

pairs ( )hT ,  and ( ),, hg  that is, .huguTu ==  If huTu ≠  then ( ).,0 huTudE p  

Now observe that 

[ ( )] [ ( )]1212 ,, ++ φ=φ nn gxTudyTud  

[ ( )] [ ( )] [ ( )]121212 ,,, +++ φ+φ+φ≤ nnn gxhudcgxhxdbTuhuda  

[ ( )] [ ( )]1212 ,, ++ φ+φ+ nn hxhudfTuhxde  

[ ( )] [ ( )] [ ( )]12122 ,,, ++ φ+φ+φ= nnn yhudcyydbTuhuda  

[ ( )] [ ( )]nn yhudfTuyde 22 ,, φ+φ+  

[ ( )] [ ( )] [ ( )]TuydeyhudcbdTuhuda nnn ,,, 2122 φ+φ++φ= +  

[ ( )]., 2nyhudfφ+  

Since ,2 huy n →  ,02 Bnd →  ( ) ( )huTudyTud n ,, 12 →+  as ∞→n  and ∈φ  

( ),, CPΦ  therefore taking limits in the above and using Remark 2.9, we deduce, 

since ,1<+ ea  that 

[ ( )] ( ) [ ( )] [ ( )]TuhudTuhudeahuTud ,,, φ<φ+≤φ  
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which is a contradiction, thus .Tuhu =  Similarly, we can show ,guhu =  thus 

.vhuguTu ===  Thus, v is a point of coincidence of the pairs ( )hT ,  and ( )., hg  

Finally, we show uniqueness of the point of coincidence. Suppose w is another point 

of coincidence of these pairs, that is, whzgzTz ===  for some .Xz ∈  Now 

observe that 

( )[ ] [ ( )]guTzdvwd ,, φ=φ  

[ ( )] [ ( )] [ ( )]guhzdcguhudbTzhzda ,,, φ+φ+φ≤  

[ ( )] [ ( )]huhzdfTzhude ,, φ+φ+  

( )[ ] ( )[ ] ( )[ ] ( )[ ] ( )[ ]vwdfwvdevwdcvvdbwwda ,,,,, φ+φ+φ+φ+φ≤  

( ) ( )[ ]., vwdfec φ++≤  

Since 1<++ fec  and using Remark 2.9, we deduce that ( )[ ] ,0, Bvwd =φ  that is 

.vw =  Thus, point of coincidence is unique. If the pairs ( )hT ,  and ( )hg,  are 

weakly compatible, then since ,vhuguTu ===  we have, hvhTuThuTv ===  

and ,hvhgughugv ===  therefore phvgvTv ===  (say). This shows that p is 

another point of coincidence, therefore by uniqueness we must have ,vp =  that is, 

.vhvgvTv ===  Thus, v is unique common fixed point of the self-maps .,, hgT  

Taking ,R=B  [ )∞= ,0C  and [ ] ,aa =φ  then C is a normal cone with 

normal constant ,1  ( )CP,Φ∈φ  with Kk =  (normal constant of P). Thus from the 

above, we have the following: 

Corollary 3.2. Let ( )dX ,  be a cone heptagonal metric space and P be a 

normal cone with normal constant K. Suppose XXhgT a:,,  satisfy the 

condition 

( ) ( ) ( ) ( )gyhxdcgyhydbTxhxdagyTxd ,,,, ++≤  

( ) ( )hyhxdfTxhyde ,, ++  
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for all ;, Xyx ∈  ;0,,,, ≥fecba  .1<++++ fecba  If ( ) ( ) ( )XhXgXT ⊂U  

and ( )Xh  is a complete subspace of X, then the maps hgT ,,  have a unique point 

of coincidence in X. Moreover, if ( )hT ,  and ( )hg,  are weakly compatible pairs, 

then hgT ,,  have a unique common fixed point. 

Remark 3.3. From the above Corollary we have the following 

(a) If ,0== ec  then we get Corollary 2.2 [5]. 

(b) If ,0==== ecba  then we get Theorem 2.1 [1]. 

(c) If 0=== fec  and ,ba =  then we get Theorem 3.1 [1]. 

Remark 3.4. Taking ,BE =  ,CP =  and defining PP a:φ  by [ ] aa =φ  for 

all Pa ∈  in Theorem 3.1, then we get the following 

(a) Corollary 2.3 [5], provided .0== ec  

(b) Result of Vetro [3], provided 0== ec  and .XIh =  

(b) Generalization of Theorems 1 and 3 of Huang and Zhang [2], provided 

,0== ec  gT =  and .XIh =  
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