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Abstract

It is shown that almost all theorems of the alternative for linear systems
can be obtained from a unique general theorem of the alternative, which is
in turn a formal modification of the well-known theorem of the alternative
due to Farkas (Farkas’ theorem or Farkas-Minkowski’s theorem).
Furthermore, we prove that all these theorems of the alternative are in fact
equivalent statements. Other remarks on the various proofs of Farkas’

theorem are made.
1. Introduction

The literature on theorems of the alternative, both for linear and nonlinear

systems, is indeed huge. Quite recently C. T. Perng [67] has given a list of 28
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theorems which are all equivalent to the well-known Farkas’ theorem or Farkas’
lemma (or Farkas-Minkowski’s theorem). Some years ago De Giuli et al. [17]
obtained a “mega-theorem” of the alternative for linear systems which generates 225
(1) special cases, among which the said Farkas’ theorem. The aim of the present
paper is to show “step by step” how to obtain from Farkas’ theorem all known
theorems of the alternative for linear systems and to obtain, as a corollary, the so-
called Tucker’s theorem or key theorem, which in turn generates Farkas’ theorem.
So, it is proved that all theorems of the alternative for linear systems have a “common
father”: Farkas’ theorem; moreover, they are in fact all equivalent. However, it is
possible to show that not only the first published result concerning a theorem of the
alternative for linear systems, i.e., Gordan’s theorem [44], can be obtained from
Farkas’ theorem, but that also the vice versa holds. Therefore, this first published
result, due to Gordan, is perhaps indeed the true ancestor of all theorems of the

alternative for linear systems.

The paper is organized as follows. In the Introduction, we recall the basic
structure of a theorem of the alternative and recall Farkas’ theorem. In Section 2, we
obtain, by algebraic manipulations of Farkas’ theorem, two theorems which in turn
generate a long list of theorems of the alternative for linear systems. In the same
section, we show that all these theorems are in fact equivalent. Section 3 will be

concerned with some approaches in proving Farkas’ theorem.
We shall use the following notations:
* A>B; A=2B;, A> B, where A and B are (real) matrices of the same

order (m, n), mean, respectively, aj 2 by, Vi, j; Az B, but A# B; a; >b

ij> ij>

Vi, j. Similarly for the notations A < B, A< B, A<B.
« A>[0]; A>[0], A>][0], where [0] is the (m, n) matrix with all zero

elements, will denote, respectively, a nonnegative matrix, a semipositive matrix, a

positive matrix.

» The same convention is used to compare two vectors x and y of R". If

x > [0], being [0] the vector of R" with all zero elements, we speak of

nonnegative vectors; if x = [0], we speak of semipositive vectors; if x > [0], we
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speak of positive vectors. The notations x < [0], x < [0], x < [0] are obvious.

« A" and x" denote, respectively, the transpose of A and x. The identity

matrix is denoted by I and the vector ul = [1, 1, ..., 1] denotes the summation

vector of R".

We recall that in general a theorem of the alternative is a result having the

following structure: between two given propositions (usually systems of linear or also

nonlinear relations), say a “primal” system S and a “dual” system S*, one and only
one admits solutions, i.e., S admits solutions if and only if S* does not admit

solutions (equivalently: S* admits solutions if and only if S does not admit

solutions).

Perhaps Farkas’ theorem or Farkas’ lemma (or Farkas-Minkowski’s theorem) is
the most well-known and quoted theorem of the alternative concerning linear

systems.
Theorem 1 (Farkas’ Theorem). Let be given a matrix A of order (m, n) and a

vector b € R™. Then the system

Sy ={Ax = b; x > [0]}
admits solutions x € R" if and only if the system
St ={y'Aaz[0]: y'p <0}

does not admit solutions y € R™.

In the next section, we shall derive from this result, by simple algebraic
manipulations, almost all theorems of the alternative for linear systems quoted in the
literature and many other new ones. We shall postpone to Section 3, the question of

the proof of Farkas’ theorem.

Remark 1. Obviously, sistem S; in Theorem 1 can be equivalently written in

the form
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st ={y"a<o0]; y'b>o0}

Moreover, S; and S| of Theorem 1 can be equivalently written as

Sl = {XTAT =

b'; x> [0},
st ={a"y>[0Lb»"y <0}

Another equivalent formulation of Farkas’ theorem (not in an “alternative form”) is
the following one:

* A necessary and sufficient condition for S| to have solutions x € R" is the
validity of the implication

vy A > [0] = y'b > [0].

Finally, note that for b = [0], Farkas’ theorem becomes trivial.

2. Farkas’ Theorem as a Father of Several

Theorems of the Alternative

The following result is a simple formal variant of Farkas’ theorem and generates
a first list of theorems of the alternative for linear systems.

Theorem 2. Let be given the positive integers my, my, mz, Ny, ny; the

matrices Aij of order (m,-, n

i) i=1,2,3 j=1,2; the vectors b e R™,
i =1, 2, 3. The system

Allxl + A12x2 é bl,

Azl.xl + A22x2 = b2,

A31xl + A32x2 2

\4
S
W

ey

¥ e R™, x? e R™2, x! > [0],

admits solutions (x', x*) if and only if the system
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(YD) AL+ (0P Ay + () 43 2 [0],

(N A + (%) Ay + (7)) " Ay = 0], @
OGHTpt+ ()T +(67)T8 <o,

yle R™M, y2 e R™?, y3 e R™, y! > [0], y? < [o],

does not admit solutions (y', y*, y*).

Proof. The above result comes out at once from Farkas’ theorem: we put

x? ="' =2, with ! > [0], V2 > [0] and then we transform inequalities into

equalities by means of the “slack vectors” s' > [0], 52 > [0]. System (1) can be

therefore rewritten in the form

7
A Ap - Ap 1 [0]7] ! b!
Ay Ay - Ay [0] [0] |2 |=]p? 3
Ay Ap —Ayn [0 1] b’

2

_s -

with x' > [0], v! > [0], v? > [0], s' >[0], s* > [0]. Applying to (3) Farkas’

theorem we obtain the thesis.

From Theorem 2 it is possible to obtain easily a first list of theorems of the

alternative. In the following list we use the short convention

S ={.}

S;: =1{.},

in order to specify that the “primal” system S, admits solutions if and only if the
“dual” system S does not admit solutions.

@®
S, ={Ax = b};
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Sy ={y'a=[0]. y'b =0}

Note that this result gives necessary and sufficient conditions for the existence of

solutions of a non-homogeneous system of linear equations: system S, admits

solutions if and only if it holds yTb = 0 for any vector y such that yTA =[0].

This result is sometimes called the Fredholm theorem of the alternative.
(2)
S3 ={Ax < b};
Sy ={y'a=[0], y2[o], y'b <0}
3)
Sy ={Ax < b, x > [0]};
Si={y'az0] yzI[o] y'b<o}

This result has been used by Gale [30] and by Los [55] to prove the existence of

equilibrium solutions in the classical von Neumann balanced growth model.

(4) (Theorem of the alternative of Ky Fan; see Fan [19], Giannessi [32]).
Ss ={Ax < b', Bx = b}

*

$5={") A+ () B =0], y' 2 [0, (¥ Tb' +(»*)"p* <0},
)]

Se = {Ax < b', Bx = b%, x > [0]};

S ={") A+ () B 20y 2 [0, () 'B +(y*) " <0}
(6)

S7 ={Ax+ Bz =b, x > [0]};

S5 ={y'Ax1[0], y'B=[0], y'b <0}
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@)
Sy ={Ax+ Bz < b, x 2 [0]};
Se={y'ax>1[0],y'B=[0], y'b <0, y>[0]}
®
Sog ={Cx > c};
Ss={y'c=[0].yz[0] y'c>ok
9
Sio ={Cx 2 ¢, x 2 [0]};
Sio={y'c<ol, y2[0], y'c >0}
10)
Si1={Cx > ¢, Bx =b, x > [0]};
st ={ONTC+ () TB <0y 2 [0 () e+ (%) b > 0},
amn
Spp={Cx+Dz>c, x>0}
sh={y'c<0]. y'D=10], y2[0], y'c > 0}.
(12)

Si3 ={Ax > [0], b x < O};

Sty={y"A=b,y>[0]}

This result is nothing but Farkas’ theorem, where the “primal” and the “dual”

problems have been interchanged.
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13)
Sy ={Ax > [0], x > [0], b x < O};
Siy={y'A<b yz [0l
14
Sis ={Cx < [0], Dx =[0], ¢"x < O};
Sis={y'c+v D+’ =[0], y > [0]}
(15)

Sig={Cx+Dz=[0,a'x+b'2>0,z > [0}

Si = {yTC ta' = [0], yTD +b" < [0]}.

It is easy to reformulate Theorem 2 by allowing in (1) also nonpositive vectors.

For example, it is possible to obtain the following systems “in alternative”:

Allxl + A12X2 + A13x3 g bl,
Azlxl + A22)C2 + A23X3 = b2,

A31X1 + A32x2 + A33x3 b3,

@ IA

x! > [0], x? arbitrary, x < [0],

and

(YDA + () Ay +(3) " A3 < [0),
(") A + () Ay + () A3y = [0],
() A3+ () Ay + (7)) Az 2 [0],

GO+ (32 2+ ()T >0,

[17%

' 2 [0], y* arbitrary, y* < [0].

In order to obtain a theorem which generates a second list of theorems of the
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alternative for linear systems, we need three preliminary results, which are in turn

simple formal variants of Farkas’ theorem. We continue to use the convention to
denote by §; and S Z the “primal” and the “dual” propositions in alternative. As

usual, the order and the conformability of the various matrices and vectors have to be

respected.
Lemma 1.

S17 ={Ax+ Bv+ Cz =[0], v > [0], z > [0]}:
Stz ={y"A=[0]. y'B 2 [0]. y'C > [o]}.
Proof. If S;5 does not admit solution, also the following system
Stz ={y'A=[0]. y'B 2 [0]. y'C 2 [0]. y"Cu > 0}

does not admit solution and vice versa. But if S;7 does not admit solution, by the

result sub (6), the system

S;7 ={Ax+Bv+CZ =—Cu, v > [0], z > [0]}
will admit solutions.

Therefore, system S;; admits solutions: put z = (Z + u) > [0]. It is then easy to

perform the inverse reasoning: if S;; admits solutions, then S;; does not admit

solutions.

Lemma 2.

q
SIS = {Alxl + A2X2 + A3X3 + ZAJ-,X] = [O],
j=4

x2 > [0], > [0], x/ =[0], j =4, .., q};

(A; denotes here the i-th matrix, not the i-th row of A).
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BRI Y

* J

>[0], j=2, .., q;and y' Ay >[0]
Sig = .

or yTAj > [0] for at least an index j, 4 < j < g

Proof. We note first that x/ >[0] is equivalent to {x/ > [0], (ul)" x7

-w; =0, w; >0}, where w; € R and (/)" =, 1,..,1). Here u’ is of the

same order of x’/, for j =4, .. g Then system S;g can be rewritten in the

equivalent form

[A] (A, Ay As Aq_ 2
[0] ol «* ol - [0]]]*

Ay 0] 43
OI'+{[0] [0] « - [o]]]s5 { ” ]=[01,
. . . . s o]  —1]w
[0]] [[o] o] [o] - w? ]| 9]

(x%, x*, x5, ., x9)T > [0]; (3, w)" > o).

If this system does not admit solutions, by Lemma 1 it will exist vectors y and

v = (Vj), Jj =4, ..., g, such that
@ y' A =[0];

®) y' Ay > [0];

1\

© y A+ @) v 200l j=4 .. q
@ [y Az; —v]>[o].

From (d), we get y'A > [0] and v < [0]; from (c), we get yTAj >
— (u’ )ij > [0]. Moreover: if v = [0], then y Ay > [0], but if there exists an

index jj such that Viy < 0, then yTAj0 > - ujovj0 > 0. Again by Lemma 1, we

can affirm that if S;g admits solutions, then Sjg does not admit solutions.
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Lemma 3.

q
j=4

x2 > 0], & >[0], x/ >[0], j =4, .., q};

(Ag is the k-th matrix).
yiA =0l y'A; 200l j=2..q:y'b<0

Sl*g = <and yTb <0 or yTA3 > [0] or yTAj > [0]

for at least an index j, 4 < j< ¢

Proof. S;g can be rewritten in the form
3 q .
{Alxl + Apx? + (A |-b) " |+ ZijJ = [0];
1 -
j=4

>0, (x5 0" >0l x/ 20, j=4, .., q}.

By means of Lemma 2, we obtain the desired result.

The following theorem generates easily a second series of theorems of the

alternative for linear systems, among which some “classical” theorems of the
alternative.

Theorem 3. Let be given the folllowing two partitions of integers

Mii=12 . p; f’l M, =2, ... m);
i=

. q
Nj,j=L2 g szl N; =2 . n).

Let be given the matrices
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Ay = (ag, ), ke M;, re N,
and the vectors
b =(b). ke My x) =(x,),re Njsy =) ke M,

Then the system

q .
Anxl + A12X2 + A13x3 + E . Al ~x] = bl,
J

— J
q .
A21X1 + A22x2 + A23X3 + E 4 Azj.xj < b2,
J= -
q .
A31x1 + A32x2 + A33X3 + E . A3jx] < b3, (4)

j=4 Agxl < b (i =4, .y p),

! arbitrary, X2 > [0], > [0], x> [0], j =4, .. q,

Ailxl + Aiz.xz + Ai3x3 + Z

3

admits solutions (xl, X2, 0, x, j =4, .., q) ifand only if the system

T P ST
(y ) All + Zi:l(yl) Ail = [O]’

~ T P inT .
El =N 4+ () A4y 20l =2 g
yTb = (yl)—rb1 + Zipzz(yi)—rbi <0,

y1 arbitrary , yi >[0],i=2 .. p,

&)

does not admit solutions y such that

y'b <o,
or
v =],
or
y* > 0], ... or ..., y? > 0],

or
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E3 > 0],
or
E* > [0], ...or ..., E? > [0].

Proof. Let us introduce in the inequalities of system (4) the following ‘“slack

vectors™: w> > [0], w® >[0], w >[0], i=4, .. p. Then (4) can be rewritten

in the form:
(A (A [o]] (A3 [O]
Ay A 1 ) Ay [0] 5
X X
A31 xl + A32 [0] + A33 1
: : : w? : : w
_Apl_ _Ap2 [0]_ _Ap3 [O]_
S o]
1)
[0]
Ay i
+ Az x) + w' = b,
j=4 i—a |1
_Apj_

[0]]

with x! arbitrary, (xz, w2)T > [0], (x3, " )—r > [0], x> [0, j=4 .4

w >[0], i=4,.. p

Then, by application of Lemma 3, we get that (4) admits solutions if and only if

(5) does not admit solutions.

By simple considerations and algebraic manipulations it is easily possible to
obtain from Theorem 3 a quite long second list of theorems of the alternative. We
give only some relevant examples of this second list, always under the notations and

conventions previously adopted.
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1.2 (Gordan’s Theorem).

520 = {Ax = [O], X 2 [O]},

S50 = {v"A > [o]).

The above result is perhaps the first published theorem of the alternative for linear
algebraic systems, being established as early as 1873 by Gordan [44]. It can be
obtained directly form Farkas’ theorem, but also the vice versa holds (see further in
Section 3). Gordan’s theorem has also a “geometrical” version (see, e.g., Murata
[60]): let L be the linear subspace generated by the rows of A, (A4, ..., 4, ):
L={z:z =y'A yeR"}

and let

Y ={xeR" z'x=0Vze L}.
Then, exactly one of the following alternatives holds: either L contains a positive
vector, or L contains a semipositive vector.

2.2 (Stiemke’s Theorem).

Sy = {Ax = [0], x > [0]};

Sy ={y"A>[0]}.

Stiemke’s theorem is equivalent to Gordan’s theorem, in the sense that it is another
algebraic form of Gordan’s theorem. This fact was recognized by Antosiewicz [2],
with reference to a more general theorem, and by Giorgi [36]. See also Giorgi [35,
38, 39), Nikaido [62].

Let us denote by R(A) the column space of the matrix A and by N(A) the null

space of A (i.e., the set of vectors x such that Ax = [0]). Recall then that the

subspaces R(A), N(A), R(A") and N(A") satisfy the relations

R(AY)=N(AT); R(AT)' = N(A);
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R(A) = N(AT)Y; R(AT) = N(A)*.

From Gordan’s theorem it follows that exactly one of the following statements

must be true (Stiemke’s theorem):

I. N(A) has a positive vector;

. N(A)Y* = R(AT) hasa semipositive vector.

3.2 (Ville’s Theorem).

Sy ={Ax < [0], x > [0]};

S5 ={y"A>[0], y > [0]}.

Ville’s theorem of the alternative is essentially the same theorem proved by von
Neumann and Morgenstern [61] and by Gale [27]. See also the result sub (6.2). Also

Ville’s theorem can be obtained directly from Farkas’ theorem. It must be remarked

that system S5, in Ville’s theorem can be equivalently rewritten in the form

S5 ={y"a>[0], y > [0]}
or also in the form
S5  ={y"A>[0], y > [0]}.

Following a current terminology in matrix theory (see, e.g., Fiedler and Ptak

[22]), we say that a matrix A of order (m, n) is an §-matrix or belongs to the

S - class if and only if the system

Ax > [0],
{x > [0]

admits solutions. The matrix A belongs to the S -class or is an S - matrix if and

only if the system

Ax > [0],
{x 2 [0]
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admits solutions.

Therefore, Ville’s theorem can be restated as follows:
eLet A be of order (m, n). Then A € S if and only if —Al ¢ So-

Ville’s theorem is important in the analysis of certain linear economic models
(see, e.g., Giorgi and Meriggi [41, 42], De Giuli et al. [18], Giorgi [40]).

4.2)

Sy3 ={Ax < [0], x > [0]};

S33={y"a>[0], y > [0]}.
This theorem of the alternative is attributed by Marlow [57] to Tucker [79].
(5.2) (Second form of Gordan’s theorem).

524 = {Bx < [0]},
Sy ={y'B=[0], y = [0]}.

(6.2) (First theorem of the alternative of Gale [29]).

Sps = {Bx < [0], x > [0]};
S35 ={y'B > [0], y 2 [0]}.

This result is a restatement of Ville’s theorem sub 3.2), with A = ( —B T ) and where
the roles of S,, and S5, have been interchanged.
(7.2)

S»6 = {Ax < [0], x > [0]};

Sy ={y A 21[0], y>[0]or y'A2[0], y > [O]}.

1\

This result may be considered as a variant of Ville’s theorem.
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8.2)
S,7 ={Bx < [0]};
S5, ={y"B =1[0], y > [0]}.
This result is only a formal variant of Stiemke’s theorem.
9.2)

Spg = {Bx < [0], x > [0]};
S ={y"B 2 [0]. y > 0]}
This result is only a formal variant of the one sub 4.2).
(10.2)
Sy9 = {Ax < b};
Sy ={yTA=[0l}; y'[1;-b]=]0].
This result is attributed to Carver [14]. Note that Syy may be rewritten as
{y'a=[0L y"b <o y2[o]}.
(11.2)
S30 = {Ax § b, X > [0]},
30 = {1y [4; -p]1 2 0], y > [0]}.
(12.2)
S31 = {Ax =b, x> [O]},
S5 = {14 ~b] 2 [0]}.

The above result may be considered a non-homogeneous version of Stiemke’s

theorem.
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13.2)

833 ={Ax 2 [0], Bx > [0], x > [0]};;

Sy ={y"A+v'B<[0], y > [0], v>[0]}.

(14.2) (Motzkin’s theorem of the alternative or Motzkin’s transposition

theorem).

Sy = {Ax = [0], Bx > [0]. Dx > [0]};

S;3 = {yTA +v B+w' D= [0], v > [0], w = [0]}.

(A and B may be missing. It seems that this result has been anticipated by J. B. J.

Fourier [24]).
(15.2) (Tucker’s theorem of the alternative).
S34 = {Ax =[0], Bx > [0], Cx > [0]};
Sy ={y A+v'B+w'Cc=1[0],v>][0], w>[0]}
(A and B may be missing).
(16.2) (Slater’s theorem of the alternative).

S35 = {Ax =[0], Bx > [0], Cx > [0], Dx > [0]};

Ha+vB+(wW)Tc+w?) ' D=10], v > [0], w! > [0],

*

w22 [0}or {y A+v B+ (W) TCc+(w*) D =]0],

[¢%]
W
W

I

v 2 [0], w' > [0], w? > [0}
(A and B may be missing).

(17.2) (First Mangasarian’s theorem of the alternative).

o Ax 2 [0], Bx > [0], Cx > [0], Dx =0 '
307 {or Ax 3 [0, Bx > [0], Cx » [0], Dx = [0]}’
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{{(y1 )T A+ () B+ e+ () D =10],
36 < .

v > [0l v 2 [0l ¥ 2 [o]}
(18.2)
S37 ={Ax <[0], x > [0]};
Sy ={y"a=[0l y2 [0} or {y'Ax[0] y> [0}
(19.2) (Second Mangasarian’s theorem of the alternative).

S38 = {Ax < b},

5t = {yfa=[0l.yz[0].p"y=-1} }
or {y'A=10], y>[0]. 5"y < [0]}
(20.2) (Second Gale’s theorem of the alternative).
S39 ={Ax < b, x > [0]};
S3o ={v'A2 [0 y2 [0l y'b <O}
(21.2)

S40 = {Ax > [0], Bx >[0], x > [0]};

Sso ={{y"A+v'B <[0], y > [0], v = [0}

or {y'A+v B <]0], y > [0], v > [0]}}.

(22.2) (First Fenchel’s theorem of the alternative).
S41 ={Ax + Bz =[0], x > [0], z > [0]};
Si={y"A2 0], y'B>[0]}.

(23.2) (Second Fenchel’s theorem of the alternative).

S4p = A{x + Bz =[0], x > [0], z > [O]};

61
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S ={y"Ax1[0], y'B>[0]}.

(24.2)

Sy3 ={Ax+ Bz =[0], x 2 [0], z > [0]};
Siy={{yTa>[0l, y'B>[0} or {y'Ax[0], y' B>I[0]}}

(25.2)

Sy = {Ax + Bz = [0], Cx + Dz > [0], z > [0]};;

Su={y"a+vic=0], y'B+v D<[0],v>][0].

The list could be made longer, but we think that the reader has realized the
techniques to get from Theorem 3 the theorems of the alternative needed for his

purposes.

Remark 2. From Theorem 3 it is also possible to obtain various non-
homogeneous versions of theorems of the alternative for linear systems. We report
only the non-homogeneous Farkas’ theorem or Duffin’s theorem of the alternative

(see, e.g., Mangasarian [56]).

S4s ={Ax < b, x> v}
Sis={{y"a=[0l, y'B<0yz2 0]}

or{y'A=c",y'B < vy = [0]}}.

This result can be obtained at once from Motzkin’s theorem. For a general treatment
of non-homogeneous theorems of the alternative for linear systems, the reader is

referred to Szilagyi [74].

From the previous results it is also possible to obtain in a simple way two
theorems due to A. W. Tucker [79].

Theorem 4 (Key Theorem). Let be given the matrix A of order (m, n). Then,

the two systems
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{Ax > [0]}; {y"a=[0], y 2 [0}

0

admit, respectively, solutions x~ and yo such that

A + 0 > [0].
Proof. In order to prove that the following system

ATy =1o],
—-Ax < [0],
-Ax - Iy < [0],
y 2 [0]

admits solutions, it is necessary and sufficient to show, on the grounds of Theorem 3,

that its “dual system”
(22)Ta+(z*)Ta=o],
(H'AT - ()" 2 o],

deRr" 222 (0] 2 =0],

\Y

does not admit solutions. Let us suppose, on the contrary, that this dual system admits

solutions: we should get the following contradiction
0=(z2+2)" A7 > (2+7)' 3 > (2)'22>o.

Theorem 4, called sometimes also “key theorem”, generates in its own turn
several “classical” theorems of the alternative, among which Farkas’ theorem. Hence,
we have, so to speak, closed the “loop”: all theorems of the alternative for linear
systems not only have a common father but they are in fact all equivalent. Moreover,
it is true that Gordan’s theorem can be obtained by Farkas’ theorem, as previously
seen, but also the vice versa holds (see, e.g., Giorgi [35, 36, 39], Giiler [45], Borwein
and Lewis [11], Perng [66, 67]). We can therefore affirm that Gordan’s theorem,
published in 1873, is perhaps the true “common father” of all other theorems of the

alternative for linear systems. However, it must not be forgotten the contributions of
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J. B. J. Fourier. Theorem 4 has been proved by induction by Tucker himself (Tucker
[79]), by Mangasarian [56], by Kemp and Kimura [52], etc. Other proofs, in the
author’s opinion not less elementary, are due to Nikaido [62], Broyden [12], Singh
and Patron [69]. A short and interesting proof, inspired by Morishima [58], is given
by Fujmoto [24].

The following corollary to Theorem 4, also due to Tucker [79], has been used by
Howe [49] and by Nikaido [62] in proving the existence of equilibrium solutions for

the celebrated von Neumann growth model.

Corollary 1. The system
{Ax > [0]. y'A < [0], x > [0]. y > [O]}
admits solutions x and y such that
y+Ax>[0; x' —yTA>][o]

Proof. It is sufficient to apply Theorem 4 to the dual systems

I I
{ }C > [0]: (w, y)T{ } = [o].
A A

Theorem 5 (Tucker [79]). Let be given the square skew-symmetric matrix L of

with (w, y) > [0].

order n (ie, L' = —L). Then the system
{Lx > [0], x > [0}
admits a solution x° such that
L% + X% > [o].
Proof. In order to prove that the following system

{Lx 2 [0], (L + I)x > [0], x > [0]}

admits solutions, it is necessary and sufficient, on the grounds of Theorem 3, to show
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that the dual system
{TLevT(@+ D<ol y 2 [0 v [0l

does not admit solutions. Absurdly suppose that this dual system admits a solution.

Being L skew-symmetric, it will hold x Lx = 0, Vx € R", and, moreover,
G'L+viL+)<0]le (-y'L"—vTLh +vT <[0]) &

o vT(y + V)TLT = L(y +v).
Therefore, we obtain from the said dual system, the contradiction
0<v'y < vy +v) <(y+ V)TL(y+ v) =0.

As it is well-known, Theorem 5 is important in proving duality results in linear

programming problems.
3. The Question of the Proof of Farkas’ Theorem

Farkas’ theorem is one of the most quoted and used theorems of the alternative
for linear systems and has received attention also for what concerns its proof. Several
papers have appeared, quite recently, with titles promising “short and elementary”
proofs of Farkas’ theorem (see the Bibliographical References at the end of the
present paper). However, in most cases the proofs are not short, nor elementary. For
a (not exhaustive) review of the proposed proofs of Farkas’ theorem the reader may

consult Giorgi [35, 38, 39] and Jacimovic [51].

Perhaps the most popular proof is the one based on a separation theorem
between convex sets. In this type of proofs it is essential to demonstrate that a finitely
generated cone is a closed set. Several authors skip this step and give for granted the
above closedness. This is misleading, as Borwein [10] has proved that the closedness
of a finitely generated cone is in fact equivalent to Farkas’ theorem itself! Moreover,

the question is not a trivial one, as the finitely generated cone C

C={ze R":z=Ax, x 2 [0]},
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with A matrix of order (m, n), is the direct image (not the inverse image!) of a

closed set. We give here a proof, quite elementary and not too long, of the closedness
of C.

Theorem 6. Let A be a matrix of order (m, n). Then the set
C={zeR":z=Ax, x> [0]}
(finitely generated cone or finite cone) is a closed convex cone of R™.

Proof. First we remark that every hyperplane of R™ is a closed set and that

every linear subspace of R” is a closed set, being the intersection of hyperplanes

passing through the origin (the intersection of an arbitrary number of closed sets is

closed). For a direct proof that every linear subspace of R” is closed one can see
Bazaraa and Shetty [6]. The facts that C is a cone with vertex at the origin and that it

is convex are obvious. Let us rewrite C as a (nonnegative) linear combination of the

columns A’ of the matrix A :
n .
C= zeRm:z=ZujAJ,uj > [0];.
j=1

We will show that the cone C is closed by an induction argument based on the

number of the column vectors Aj, J=1 ..,k

When k =1, C is either the origin [0] or a half-line and is therefore closed.

Now suppose that for k£ > 1 the cone generated by the vectors Al, vy AR g

closed:

k-1
Cp1 =yz€ R” 52:2 piAY ;2 [0]
=1

is closed. We have to show that the cone

k
C, =1{ze Rm:zzzujAJ,ujg[o]
=1
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is closed too. There are two cases.

(1) First, suppose that C; contains the vectors —Al, —Az, = —A¥ Then Cy

is a linear sub-space of dimension not exceeding k, so it is closed.

(2) Assume that at least one of the vectors —Al, —Az, ey — A* does not belong
to Cj, say —Ak ¢ C; (renumber if necessary). Then, every y € C; can be
represented as y = y + adk, a > 0, where y € C;_;. To show that C is closed,
suppose that 7 is a limit point. Then, there exists a sequence {z" }::=1 c Cy such

that z* — Z as n — oo, where z" has the form

=y +a,Ak o, >0

n

If the sequence {ot,,} is bounded, we can assume, without loss of generality, that
the sequence converges to a limit o, and consequently z" — oAk e Ci_q, where

this last set is closed. Therefore

z—ad® = lim (" —@,A") = lim 3" =y e Gy,
n—oo n—eo

since C;_; is closed.
We can conclude that
z=y+aAk e Cy.
Thus, if the sequence {a.,,} is bounded, the set C;, is closed.
We now assume that o, — oo for n — co. Then, since z" converges, it is a

bounded sequence. Hence {ocn}_lz" —[0] as n — . It follows that

{ocn}_1§” + A¥ 5 [0] as n — . Therefore lim {otn}_1§” = —A*. But, since
n—yo00

Cy_; is closed, this means that —Ak e Cy_1, which is a contradiction.
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Shorter proofs of Theorem 6, but less elementary, are given, e.g., by Achmanov
[1], Craven [15], Hestenes [46, 47].

Now we make some remarks and considerations on some other proofs of Farkas’

theorem appeared in the literature.

(A) The proof by induction of Gale [28, 29] is indeed simple, not too long and
does not require special algebraic or topological requirements. Perhaps this proof
may be improved only with respect to the notations. See, e.g., Kurz and Salvadori
[54], Giorgi [35], Bartl [4, 5]. In spite of its simplicity this proof is quite infrequent

in the literature and it appears sometimes in mathematical economics textbooks.

(B) Proofs of Farkas’ theorem by means of Gordan’s theorem. The proof of
Gordan’s theorem by means of a separation argument does not require the closedness
of a finitely generated cone and is therefore simpler than the direct proof of Farkas’
theorem. The equivalence between Gordan’s theorem and Stiemke’s theorem has
been proved by Antosiewicz [2], Giorgi [36], Perng [67]. In the paper of Giorgi [36]
Theorem 4 (Tucker’s theorem or key theorem) is then simply obtained from
Stiemke’s theorem. It is well-known that the key theorem generates, in its own turn, a
sequence of theorems of the alternative for linear systems, among which Farkas’
theorem. An interesting and new proposal to prove Gordan’s theorem via variational
principles is offered by Borwein and Lewis [11] and by Giiler [45]. Borwein and

Lewis prove in a straightforward way the following result.
Theorem 7. Define the function
< iNT
flx) = ln{z ela) X]
i=1

where al, az, ..., a™ are vectors of R". Then the following statements are

equivalent.

(@) f(x) is bounded from below.

(b) There exists A € R™, A > [0], such that

Zm: La' = [0].
i=1



ALL LINEAR THEOREMS OF THE ALTERNATIVE ... 69
(c) There is no x € R" such that a'x < 0,i=1,.. m

Note that the equivalence (b) < (c) is just Gordan’s theorem.

From Theorem 7 Borwein and Lewis [11] obtain then Farkas’ theorem. It seems
that the idea of this approach is due to Hiriart-Urruty [48]. For other considerations

on Gordan’s theorem see Perng [66].

(C) A new proof of Farkas’ theorem is contained in the paper of Fujimoto et al.
[26], proof based on a previous approach of Fujimoto [24], who in turn owes his idea
to Morishima [58]. In the Metroeconomica paper various other approaches in
proving Farkas’ theorem are examined. See also the working paper N. 129 [26] of the

same authors on www.economiaweb.it

(D) Some authors, e.g., Kuhn [53], Stoer and Witzgall [72], Webster [77], use
the so-called “Fourier-Motzkin method for elimination of variables” in linear
inequalities. Indeed, it seems that J. B. J. Fourier [24] has been the first to recognize
that a mechanical system has a stable equilibrium state if and only if some
homogeneous system of inequalities has no solution. A compact treatment of this
method is contained in the book of Webster [77]. See also the interesting paper of

Szilagyi [75].

(E) A new proof of Farkas’ theorem by means of an appropriate separation
theorem which, however, does not require the closedness of a finitely generated cone,
is presented by Cambini and Martein [13]. Farkas’ theorem is obtained as a corollary
(Corollary 4.2.1 in Cambini and Martein [13]) of the following general result
(Theorem 4.2.1 in Cambini and Martein [13]), we report for the reader’s

convenience.

Theorem 8. Let V be a linear subspace of R® such that V it RS = &.

Then the following conditions hold:

i) V*NRE isaface F = {z = Z ¥( —el), > 0} of R, where J isa
ieJ

proper subset of the set of indices {1, ..., s}, V' =V + R} is the so-called conic
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extension of V, which is a closed and convex cone, and e’ is the unit vector having
the j-th component equal to one and all others equal to zero. It is used the

convention that F = {[0]} when J = @.

(i) If J # D, for each hyperplane of equation o'z =0, o > [0], which
separates V. and R%, we have o j= 0, Vje J. Furthermore, there exists a

separating hyperplane such that o; > 0, Vig J.

(i) If J = @, ie., VNRS = {0}, there exists a separating hyperplane such

that o; >0, Vi=1, ..., s.

The reader will note that the above statement is not quite elementary, and of

course it is not quite elementary also its proof.

(F) Many theorems of the alternative for nonlinear systems are available in the
mathematical literature. These theorems usually hold under various generalized
convexity assumptions on the functions involved and some of them are formulated in
an infinite-dimensional topological setting. Obviously, their proofs are in general not
elementary; moreover, some of these theorems do not recover in a direct way the
corresponding simpler theorems of the alternative for linear systems, such as Farkas’

theorem.

A useful nonlinear theorem of the alternative is presented by Berge and Ghouila-
Houri [8]. These authors prove their result by means of a generalization of Helly’s
theorem; their proof is elegant but, obviously, not quite elementary. Giorgi [38, 39]
and Giorgi and Zuccotti [43] have presented a simple and self-contained proof of
Berge and Ghouila-Houri’s result, proof which requires only a classical separation

theorem between convex sets. See also Fujimoto et al. [25].
Theorem 9. Let be given the convex functions fo(x), fi(x), f2(x), ... f,(x),
defined on R" and the linear affine functions h(x), hy(x), ..., b, (x), where

hi(x) = Aj(x)=b;, A;eR", i=1,..,m (A isthe i-th row of matrix A of

order (m, n)). If the system
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fo(x) <0,
filx) <0, k=1, .., p,

Aix é bi’ I = 1, ey m,

admits no solution, but there exists x% € R" such that it holds (“Slater constraint

qualification”)
0 -
fi(x7)<0, k=1, ..., p,
A < b i=1, 0, m,
then there exist multipliers

vy 20, .., Vp 2 0, u >

\Y%
L
<

3

%
o

such that
p m
fo(x) + Z Vi i (x) + Z ui(Aix —b;) 2 0, vx e R".
k=1 i=1

Farkas’ theorem is easily obtained from Theorem 9. It is immediate to see that

systems
(81): Ax=b, x> [0]
and
(S5):ATux>[0], b'u<o0

cannot admit both solutions. It remains to prove that if (S,) does not admit solution,
then (S;) admits solution. Let us rewrite (S,) putting fo(u) = b'u <0, and
—A'u < [0]. From Theorem 9 it will exist x € R} such that blu—x"ATu
=u' (b- Ax) > 0, for every u € R™, and therefore we have b — Ax = [0], i.e.,

(S;) admits solution.

We point out another general approach to build nonlinear theorems of the
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alternative, approach due to Giannessi [31-34]. The following result is a particular

case of a more general theorem, proved by the said author.

Theorem 10. Let ¢ : R" — R and g : R" — R™. Assume that ¢ and g be

linear affine. Then the following system

o(x) > 0,
(S3) 1{
g(x)>0

is impossible if and only if there exist 0 € R and A € R such that

Sk Og(x) * %Tg(x) <0, Vxe R",
3 N
6> 0,2 [0], (6, 1) = [0],

where the first inequality of (S;k ) must be verified in strict sense if 8 = 0.
Let us rewrite Farkas’ theorem in the form
(S))=Ax>1[0], a'x<0
and

Sl* = zTAza, z2 [0].

Set @(x) = —a'x and g(x) = Ax. Theorem 10 can be applied. At 6 = 0, (S3)
becomes A > [0], A Ax < 0, Vx e R”, which is obviously impossible. At 8 = 1,
(53) becomes A > [0], —a'x+A"Ax < 0, Vxe R" which holds if and only if
A>[0], —a+ AT A = [0], which is equivalent to (S ).

(G) Finally, we point out the proof of Farkas’ theorem given by Bonnans and
Shapiro ([9], Lemma 5.43). These authors present a short and seemingly new proof
of Farkas’ theorem, based on properties of the solution of an appropriate

optimization problem. In a previous result (Proposition 2.41) the same authors give

an elegant proof that a finitely generated cone is closed.
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