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Abstract 

Suppose ABCD is a nonconvex quadrilateral. We can construct 3 semi-

circles outer tangent and 2 in the semi circle tangent of the quadrilateral. 

In this paper, we will discuss how to calculate length of the radius of the 

circle tangent of a nonconvex quadrilateral. Furthermore, we will discuss 

how to calculate lengths of the new sides formed by construction of the 

semi Gergonne points on it. 
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1. Introduction 

Two-dimensional figure of triangle is one of the scopes of geometry that can 

always be used to construct tangent circles inside and outside tangent circles [2, 8, 9, 

13, 14]. If a line is drawn from the third vertex of the triangle to the point of tangency 

of the circle in (incircle) then the third line will intersect at one point (concurrent), 

this is called Gergonne point inside the triangle and if there is a circle outside the 

triangle tangent (excircle) with the center point of tangency circle outside the triangle 

(excenter), Gergonne point can also be formed outside the triangle derived from the 

circle tangent [1, 9, 13]. 

But this does not apply to the quadrilaterals because not all quadrilaterals can be 

used to construct a tangent circle inside and outer circle tangent. Circle tangent in the 

quadrilateral [4, 6, 12] is a circle inside a convex quadrilateral and the quadrilateral 

four sides of the offensive, while the outer circle tangent quadrilateral [5, 10, 11] is a 

circle that is offensive or lengthening the other sides of a quadrilateral. 

Mashadi et al. [10], have discussed about how to calculate the length of the 

radius of circle tangent to the convex quadrilateral, lengths of new sides formed from 

the construction and how to construct semi Gergonne point on a convex quadrilateral. 

Josefsson [7] also talked about the relationship between the lengths of the fingers 

outside the circle tangent to the convex quadrilateral. In the other article, Mashadi et 

al. [11] also discussed the necessary and sufficient conditions in order that a 

quadrilateral has a tangent circle outside, calculated the lengths of the new sides and 

the lengths of the fingers and the relationship between the lengths of the fingers 

formed. 

In addition to a convex quadrilateral, there is a quadrilateral having a single 

angle of more than .180°  This is called nonconvex quadrilateral [3]. In a nonconvex 

quadrilateral, we can construct 3 tangent circles outer edges and 2 in the semi circle 

tangent. In this paper, authors discuss the lengths of the fingers in a semi circle 

tangent and semi circle tangent outside as well as the relationship between the lengths 

of the radii of the semi circle tangent. Lengths of the new sides formed from 

constructing the semi-circle tangent will also be determined. 
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To be more clear about nonconvex quadrilateral which has a semi incircle and 

semi excircle tangent to tangent outside, consider Figure 1.1. 

 

Figure 1.1. 

In Figure 1.1, there are some tangent circles centered at the points 

cbao IIII ,,,  and .dI  Circles centered at the points ao II ,  and bI  are called semi-

circle outside tangent of a nonconvex quadrilateral ABCD , while circles centered at 

points cI  and dI  are called semi incircle tangent of a nonconvex quadrilateral 

.ABCD  Besides, there are some tangency circle radii outside are ,, ao RR  and bR  

and the radii of the incircle tangents are cr  and .dr  There is also a relationship 

between the lengths of the fingers formed, that is, .cbda rRrR ⋅=⋅  

2. Semi Gergonne Point and Long’s Fingers 

Gergonne points can be constructed in any of the triangles, that is, 1 Gergonne 

point in the circle inside and 3 Gergonne points in the circle outside [1, 9, 13], but in 

the nonconvex quadrilateral, it can not be constructed. In nonconvex quadrilateral 

only can be constructed circle of offending one side and the extension of the other 

two sides that will form 3 pieces circles tangent outside on ABP∆  on the side of BP  

and AB  and the circle tangent outside on AQD∆  on the side of AD  and two circles 
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tangent in the ABP∆  and .AQD∆  Circle tangent formed on the quadrilateral is 

called semi circle tangent at nonconvex quadrilateral .ABCD  

If a line is drawn from each vertex to the point of tangency in front of him, then 

the intersection of the three lines is called the point of the semi Gergonne point on 

nonconvex quadrilateral .ABCD  In Figure 2.1, there are six points of semi Gergonne 

constructed at nonconvex quadrilateral ,ABCD  that is, ,1Ge  ,,,, 5432 GeGeGeGe  

and .6Ge  

 

Figure 2.1. 

A nonconvex quadrilateral ABCD  has three outer edges tangent circles and 2 in 

the semi circle tangent. Lengths of fingers for each circle tangent can be calculated. 

Theorem 2.1. Suppose ABCD  is a nonconvex quadrilateral with the lengths of 

sides are cba ,,  and .d  Then the length of the radius of semi-circle tangent at the 

front corner of C  is 

.
bd

ABCDL

ca

ABCDL
Ro −

=
−

=
□□

 

Proof. Let oR  be the length of the radius of semi-incircle tangent in front of the 

corner C  as in Figure 1.1. Area of the nonconvex quadrilateral ABCD  can be 

calculated as 
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DCOLCBOLADOLABOLABCDL ∆−∆−∆+∆=□  

,
2

1

2

1

2

1

2

1
oooo RcRbRdRa ⋅⋅−⋅⋅−⋅⋅+⋅⋅=  

( ) ,
2

1
oRcbdaABCDL ⋅−−+=□  

.
2

cbda

ABCDL
Ro −−+

=
□

 

Because ,dcba +=+  we will obtain 

ca

ABCDL
Ro −

=
□

      or      .
bd

ABCDL
Ro −

=
□

 

From Theorem 2.1, then will be calculated .ABCDL□  We can determine ABCDL□  

as follows. 

Theorem 2.2. Let ABCD  is a nonconvex quadrilateral with the lengths of sides 

are cCDbBCaAB === ,,  and ,dAD =  then 

,sin γ= abcdABCDL□       where .
2

DB ∠+∠
=γ  

Proof. See Figure 2.1, pull the AC line so that there are two triangles ABC∆  and 

.ACD∆  Applying cosine rule in ,ABC∆  we have 

 .cos2222 BabbaAC ∠−+=  (2.1) 

Also applying cosine rule in ACD∆ , we have 

 .cos2222 DcddcAC ∠−+=  (2.2) 

Based on the equations (2.1) and (2.2), we will obtain 

,cos2cos22222 DcdBabdcba ∠−∠=−−+  

( ) ( ) .2coscos422222 DcdBabdcba ∠−∠=−−+  (2.3) 
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Now ABCDL□  can be written as 

,ACDLABCLABCDL ∆+∆=□  

,sin
2

1
sin

2

1
DcdBabABCDL ∠+∠=□  

( ) ( ) .2sin2sin2216 DcdBabABCDL ∠+∠=□  (2.4) 

Adding equation (2.3) and equation (2.4), will be obtained 

( ) ( )22222216 dcbaABCDL −−++□  

( ) ( )2coscos42sinsin4 DcdBabDcdBab ∠−∠+∠+∠=  

DdcDBabcdBba ∠+∠∠+∠= 2sin224sinsin82sin224  

DdcDBabcdBba ∠+∠∠−∠+ 222 cos4coscos82cos224  

( )DBDBabcddcba ∠∠−∠∠++= coscossinsin844 2222  

( )DBabcddcba ∠+∠++= cos844 2222  

( ) ,cos1622 22
γ−+= abcdcdab  

( ) ( ) ( ) ,2cos162222222216
2

γ−+=−−++ abcdcdabdcbaABCDL□  

( ) ( ) ( ) γ−−−+−+= 2cos162222222216
2

abcddcbacdabABCDL□  

[( ) ( )][( ) ( )]222222222222 dcbacdabdcbacdab −−+−+−−+++=  

γ− 2cos16abcd  

( )( )( )( ) γ−+−+−+++−+−++= 2cos16abcdbadcbadcdcbadcba  

( )( )( )( ) γ−= 2cos162222 abcdbadc  
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( ),cos116 2 γ−= abcd  

( ) ,2sin16216 γ= abcdABCDL□  

.sin γ= abcdABCDL□  

Based on Theorems 2.1 and 2.2, it can be determined that the length of the radius of 

tangent circle outside in front of the corner C  is 

.sinorsin γ
−

=γ
−

=
bd

abcd
R

ca

abcd
R oo  

In a convex quadrilateral there is a relationship between the lengths of the radii 

construction results. Here is given a long relationship between the radii of a circle 

tangent at nonconvex quadrilateral .ABCD  

Theorem 2.3. Let ABCD  be a nonconvex quadrilateral having semi-circle 

tangent with the lengths of the radii cba rRR ,,  and ,dr  then it can be shown that 

.cbda rRrR =  

Proof. See Figure 1.1. Let a noncenvex quadrilateral ABCD  has semi-circle 

tangent with the lengths of the radii cba rRR ,,  and .dr  By using trigonometry rules 

on ,SAIo∆  one can obtain 

,
2

tg
AS

RA o=  

.
2

ctg
A

RAS o ×=  (2.5) 

And note SBIo∆  in Figure 1.1, 

,
2

180
tg

BS

RB o=





 −°

 

.
2

tg
B

RBS o ×=  (2.6) 
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From equations (2.5) and (2.6), we will obtain 

,BSASAB −=  

.
2

tg
2

ctg 





 −=

BA
Ra o  (2.7) 

Note 2VBIa∆  in Figure 1.1, 

,
2

tg
2BV

RB a=  

.
2

ctg2
B

RBV a ×=  (2.8) 

Note 2VAIa∆  in Figure 1.1, 

,
2

180
tg

2AV

RA a=





 −°

 

.
2

tg2
A

RAV a ×=  (2.9) 

From equations (2.7) and (2.8), we will obtain 

,22 AVBVAB −=  

.
2

tg
2

ctg 





 −=

AB
Ra a  (2.10) 

From equations (2.7) and (2.10), we will be obtain 

 .

2
tg

2
ctg

2
tg

2
ctg

AB

BA

RR oa

−

−
×=  (2.11) 

In the same way, we will obtain long-radius semi-circle outside the tangent offensive 

side of the extension sides AB  and AD  and BC  in nonconvex quadrilateral ABCD  

as 
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 .

2
tg

2
ctg

2
tg

2
ctg

AD

DA

RR ob

−

−
×=  (2.12) 

The length of the radius of the semi incircle the offensive side tangent BCAB,  and 

CD  at the extension side of a nonconvex quadrilateral ABCD  is 

 .

2
tg

2
ctg

2
ctg

2
tg

CB

CB

Rr oc

−

−
×=  (2.13) 

The length of the radius of the semi incircle the offensive side tangent CDAD,  and 

BC  at the extension side of a nonconvex quadrilateral ABCD  is 

 .

2
tg

2
ctg

2
ctg

2
tg

CD

CD

Rr od

−

−
×=  (2.13) 

By multiplying the equations (2.11) to (2.14), we obtain 

,

2
tg

2
ctg

2
ctg

2
tg

2
tg

2
ctg

2
tg

2
ctg

CD

CD

R
AB

BA

RrR ooda

−

−
××

−

−
×=  

,

2
cos

2
sin

2
sin

2
cos

2
cos

2
sin

2
sin

2
cos

2
sin

2
cos

2
cos

2
sin

2
cos

2
sin

2
sin

2
cos

2

































































×=

CD

CD

AB

AB

CD

CD

BA

BA

RrR oda  

.

2
cos

2
sin

2
cos

2
sin

2
cos

2
sin

2
cos

2
sin

2

DCBA

CDAB

RrR oda ×−=  (2.15) 

And then, by multiplying the equation (2.12) to (2.13), we obtain 
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,

2
tg

2
ctg

2
ctg

2
tg

2
tg

2
ctg

2
tg

2
ctg

CB

CB

R
AD

DA

RrR oocb

−

−
××

−

−
×=  

,

2
cos

2
sin

2
sin

2
cos

2
cos

2
sin

2
sin

2
cos

2
sin

2
cos

2
cos

2
sin

2
cos

2
sin

2
sin

2
cos

2

































































×=

CB

CB

AD

AD

CB

CB

DA

DA

RrR ocb  

.

2
sin

2
cos

2
cos

2
sin

2
cos

2
sin

2
cos

2
sin

2

CBDA

CBAD

RrR ocb ×−=  (2.16) 

By comparing equations (2.15) and (2.16), we obtain 

,

2
sin

2
cos

2
cos

2
sin

2
cos

2
sin

2
cos

2
sin

2
cos

2
sin

2
cos

2
sin

2
cos

2
sin

2
cos

2
sin

2

2

CBDA

CBAD

R

DCBA

CDAB

R

rR

rR

o

o

cb

da

×−

×−

=  

,1=
cb

da

rR

rR
then .cbda rRrR =  

3. Long Side New Construction Results 

There are some points of tangency circle centered a nonconvex quadrilateral 

ABCD  at point ,oI  including the points UTS ,,  and R  (See Figure 3.1). Let 

,, zCTxBS ==  and .yDR =  The lengths of the tangent lines can be determined 

based on the following theorem: 

Theorem 3.1. Let ABCD  be a nonconvex quadrilateral, then the length of the 
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tangent of a nonconvex quadrilateral in front corner of C  on the extension side AB  

is 

.
2

1
ctgsin aA

ca

abcd
x −×γ×

−
=  

Proof. See Figure 3.1. 

 

Figure 3.1. 

Let the lengths of sides CDBCAB ,,  and AD  be, respectively, cba ,,  and .d  

By using the concept of trigonometry on Figure 3.1, we obtain 

AS

SI
A o=

2

1
tg  or ,

2

1
tg A

SI
AS o=  then ,

2

1
ctg ARAS o ×=  and so 

,
2

1
ctgsin A

ca

abcd
BSAB ×γ×

−
=+  

.
2

1
ctgsin aA

ca

abcd
x −×γ×

−
=  

Remark 3.1. In the same way, we will obtain 

(a) The length of a tangent of a nonconvex quadrilateral in the front corner of C 

on the side BC  is 
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.
2

1
ctgsin A

ca

abcd
baz ×γ×

−
−+=  

(b) The length of a tangent of nonconvex quadrilateral in the front corner of C  

on the extension of the side AD  is 

( ) .
2

1
ctgsin A

ca

abcd
bacy ×γ×

−
++−=  

Theorem 3.2. Let ABCD  be a nonconvex quadrilateral and the point Q an 

intersection between the lines AB  with CD line extension, the length of the line 

AQ is 

.
2

tg
2

ctgsin 







−γ×

−
=

QA

ca

abcd
AQ  

Proof. See Figure 3.1. Let the lengths of sides CDBCAB ,,  and AD  be, 

respectively, a, b, c and .d  Then ,, QAQCAQAP ∠=∠∠=∠  and .PAPC ∠=∠  

By using trigonometry comparison to tangent the length of side AQ  obtained at 

oASI∆  is 

,
2

tgtg
QAP

SAIo
∠

=∠  

,
sideoflengththe

sideoflengththe

2
tg

AS

SIQAP o=
∠

 

,
2

ctgthen,
2

tg
A

RAS
AS

RA
o

o ×==  

and 

,
2

180
tg 







 ∠−°
=∠

AQC
SQItg o  

,
sideoflengththe

sideoflengththe

2

180
tg

QS

SIAQC o=






 ∠−°
 

,
2

ctg
QS

RQ o=  such that ,
2

tg
Q

RQS o ×=  
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so that 

,ASQSAQ =+  

,
2

ctg
A

RQSAQ o ×=+  

,
2

ctg
2

tg
A

R
Q

RAQ oo ×=×+  

.
2

tg
2

ctgsin 







−γ×

−
=

QA

ca

abcd
AQ  

Remark 3.2. In the same way, we will obtain 

(a) The length of the side ,AP  P being intersection of the lines AD  in the 

extension of BC  is 

.
2

tg
2

ctgsin 





 −γ×

−
=

PA

ca

abcd
AP  

(b) The length of the side CQ  which is an extension of the line BC  to the 

point Q  is 

( ) .
2

1
ctg

2
tgsin 








+−+γ×

−
= baA

Q

ca

abcd
CQ  

(c) The length of the side CP  which is an extension of the line BC  to the point 

P  is 

( ) .
2

1
ctg

2
tgsin 






 +−+γ×

−
= baA

P

ca

abcd
CP  
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